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GATE COMPUTER SCIENCE AND INFORMATION TECHNOLOGY(CS) i

SET 1

LETTER TO THE STUDENT

Dear Student,

We welcome you to our comprehensive postal coaching programme for GATE 2010. We are glad
that you have thus considerably enhanced your prospects in GATE.

* Our course material is based on the syllabus for GATE 2009. The syllabus and topics planned to
be covered in each Set of course material and the structure of GATE 2009 are given in this Set for your
reference. The syllabus for GATE 2010 will be announced only by Mid-September 2009. If there is a
change in the syllabus, we shall provide supplements to cover the change as far as possible. The structure
of GATE 2009 question paper was of “All Objective” type with 20 one mark questions and
40 two marks questions with 1/3rd negative mark for wrong answers.

Our course material includes Assignments, GATE questions for a few previous years and four
Model Test Papers on the pattern of GATE. We strongly advise you to attempt and answer the questions
on your own, before referring to the answers provided by us. Only such practice will boost your
confidence to face the examination.

Our new student-centric initiative of ‘On-line’ tests got encouraging response for GATE 2009.
The experience and practise of answering the question paper on-line, under strict simulated examination
conditions is sure to boost your skill and preparedness for GATE 2010. We suggest and strongly
recommend that you also opt for the same, if you have not done so far.

Our Doubt Letter Scheme is a facility for you to clarify doubts and to get your answers evaluated.
You should make full use of it, strictly following the guidelines given.

GATE examination is highly competitive. Take it as a challenge, plan and study hard, and
practice answering questions setting yourself a time limit. . '

We wish you success in GATE and in your future career.

With best wishes,

Yours truly,
For BRILLIANT TUTORIALS PVT. LTD.,

u-qu%

Coordinator
(GATE/ESE/UGC) '

# Brilliant Tutorials Pvt. Ltd. GATE-CS-| - i



GATE

GENERAL INSTRUCTIONS
Our Course Méterial

Our course material for the subject will be in 8
Sets. Each Set has in general five sections viz.,
Lessons on Theory as per the syllabus, Worked
Examples, Objective Type Questions with key
and explanatory notes wherever necessary,
Assignments and Solutions to Assignments.

While the emphasis is on objective type questions,
utilize our material in its entirety, as that will be the
right approach to tackle the pattern of all-objective
type questions. '

-Our study materials are not substitutes for text
books, but they form an effective supplement to
the Standard Text Books, to widen and enhance
your knowledge and preparation for GATE.

All-objective Pattern of Test

The pattern of Questions for GATE 2008 and
2009 was of all-objective type. GATE 2010 is also
expected to follow the same pattern. All questions
carry marks. Answer all the questions. Your score
entirely depends on fast and correct response.

Selective Preparation/Omission of Topics

Generally the paper covers the entire syllabus in a
balanced manner. Selective reading or missing of
topics based on predictions may be risky and put
you at a disadvantage.

Time Budgeting

180 minutes are available to answer 60 questions,
which includes reading the text with the choices,
mentally working out, deciding the choice and
marking. The average time available is 3 minutes
per question. Some questions, which are not so
lengthy, can be read and understood in 30 to 40
seconds. Others which are lengthy may take 40
to 60 seconds, to read and re-read, before deciding.
You must keep an eye on the watch during the
examination.

listed

Spending more time on a question and
attempting it again and again will upset your
time budget. Skip seemingly difficult and
complex questions during the first reading.

In the second round, attempt the unanswered
questions, by eliminating the clearly wrong options
and spotting the correct answers from the remaining
options. '

Tough Paper

If the paper seems tough on the first reading,
do not get nervous. You stand as good a chance, as
the others.

Same answer key for many questions

Do not get disturbed if you get the same
answer continuously for many questions. It is
a common feature in all-objective competitive
type examinations. :

Worked examples and-Assignments

Objective questions can be various types as
in structure of GATE. Common data
questions and linked answer questions are only
different forms of worked examples. Our sets
contain a large number of worked examples. A
study of and answering these in fact, will equip you
with sound theoretical knowledge and preparedness
for answering all the types of objective questions.

Model Test Papers and Questions and Answers
of Previous Years

You will find four Model Test Papers and
Questions and Answers of last five years of GATE,
in different Sets. Answer the questions, on your
own, setting yourself a time limit and without
referring to the answers given in the sets. This will
give you the best possible practice. Since 2004, the
pattern of questions is of all-objective type.
Question Papers earlier to 2004 contain descriptive
questions and answers. These will facilitate
understanding the theory and formulae, answering
common data and linked answer questions.

# Brilliant Tutorials Pvt. Ltd.
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iii

Doubt Letter Scheme

Our Professors services are readily available to
clear your doubts and difficulties while studying
our course material. ‘ »

Our Professors are hard pressed for time. So
there must be reasonable restrictions on reference

made by the students. Please follow the guidelines

given below for Doubt Letters.

Do not send Doubt Letters on postcards.

Refer only five problems at a time, provided |

these have been first attempted by you. The
working sheets giving your approach and the
difficulty encountered must be sent with the Doubt
Letter. :

Only then the Professor can guide you properly.
The source of the problems should always be
mentioned. Do not copy questions from a book
and forward. -

~ Write down the problems clearly and
accurately. In case of doubts pertaining to our
course material, quote the Set Number, Page
Number, Assignment Number and Problems
Number.

Avoid mixing different subjects under XL on
the same sheet of paper of Doubt Letter.

You can refer your doubts to us up to the
second week of December 2009,

You are bound to gain a lot, if you utilize the
Doubt Letter Scheme, systematically, strictly
following the above guidelines. :

# Brilliant Tutorials Pvt. Ltd.
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iv

STRUCTURE OF GATE 2009 - EXTRACTS

The GATE 2009 examination consists of a single
paper of 3 hours duration and of 100 marks.

The choice of the appropriate paper is the
responsibility of the candidate. However, some
* guidelines are suggested below:

(a) Candidates are expected to appear in a

paper appropriate to the discipline of

their qualifying degree.

(b) However, the candidates are free to
choose any paper according to their
admission plan, keeping in mind the
eligibility criteria of the admitting
institute.

- The question paper of GATE 2009 will be
fully of objective type.

(a) Candidates have to mark the correct choice
by darkening the appropriate bubble
against each question on an Objective
Response Sheet (ORS).

(b) There will be °‘negative’ marking for
wrong answers. The deduction will be
1/3rd of the marks allotted.

Main Papers (Except XE and XL)

(a) The question paper will be for a total of
100 marks divided into two groups.

(1) Group I: Question Numbers 1 to 20
(20 questions) will carry one mark
each (subtotal 20 marks).

(ii) Group II: Question Numbers 21 to 60
(40 questions) will carry two marks
each (subtotal 80 marks). Out of this
Q.51 to Q.56 will be common data
based questions.

(b)

©

(d

)

GATE

Question Pairs 57, 58 and 59, 60 (4 questions)
will carry two marks each. These questions
are called linked answer questions. These 4
questions comprise two pairs of questions.
The solution to the second question of each
pair (e.g. Q.58) will be linked to the correct
answer to the first one (e.g. Q.57) in the
pair.

Each question will have four choices for
the answer. Only one choice is correct.

In Q.1 to Q.20, 1/3rd mark will be
deducted for each wrong answer and in -
Q.21 to Q.56, Q.57 and Q.59, 2/3rd mark
will be deducted for each wrong answer.
However, there is no negative marking in
Q.58 and Q.60.

Papers bearing the code AG, CE, CS,
CH, EC, EE, IN, IT, ME, MN, MT, PI,
TF will contain a few questions on

- Engineering Mathematics.

The multiple choice objective test questions
can be of the following type:

Multiple choice questions in all papers and
sections will contain four answers, of
which only one is correct. The type of
questions in a paper may be based- on

following logic:

(i) Recall

These are based on facts, principles,
formulae or laws of the discipline. The
candidate is expected to be able to obtain
the answer either from his/her memory of
the subject or at most from a one-line
computation. '

(i) Comprehension

These questions will test the candidate’s
understanding of the basics of histher field,
by requiring him/her to draw simple
conclusions from fundamental ideas.

# Brilliant Tutorials Pvt. Ltd.
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(iii) Application

In these questions, the candidate is
expected to apply his/her knowledge either
through  computation or by logical
reasoning.

(iv) Analysis and Synthesis

These can be linked questions, where the
answer to the first question of the pair is
required in order to answer its successor.
Or these can be common data questions, in
which two questions share the same data
but can be solved independently of one
another.

The questions based on the above four
logics may be a mix of single stand alone
statement/phrase/data type questions,
combination of option codes type
questions or match items type questions.

Common data questions

Multiple questions may be linked to a
common data problem, passage and the
like. Two or three questions can be formed
from the given common data problem.
Each question is independent and iis
solution obtainable from the above problem
data/passage directly. (Answer of the
previous question is not required to solve
the next question.) Each question under this
group will carry two marks.

Linked answer questions

These questions are of problem solving type.
A problem statement is followed by two
questions based on the problem statement.
The two questions are designed such that the
solution to the second question depends upon
the answer to the first one. In other words,
the first answer is an intermediate step in
working out the second answer. Each
question in such ‘linked answer questxons
will carry two marks.

# Brilliant Tutorials Pvt. Ltd.
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SYLLABUS — GATE 2009

COMPUTER SCIENCE AND INFORMATION

TECHNOLOGY (CS) :
ENGINEERING MATHEMATICS

Mathematical Logic: Propositional Logic;
First Order Logic.

Probability:  Conditional ~ Probability;
Mean, Median, Mode and Standard Devia-
“tion; Random Variables; Distributions; uni-
lorm, normal, exponential, Poisson, Bino-
mial.

Set Theory & Algebra: Sets; Relations;
Functions; Groups; Partial Orders; Lattice;
Boolean Algebra.

Combinatorics: Permutations; Combina-
tions; Counting; Summation; generating
functions; recurrence relations; asymptot-
ics. -

Graph Theory: Connectivity; spanning

“trees; Cut vertices & edges; covering;

matching; independent sets; Colouring;
Planarity; Isomorphism.

Linear Algebra: Algebra of matrices, de-
terminants, systems of linear equations,
Eigenvalues and Eigenvectors.

Numerical Methods: LU decomposition
for systems of linear equations; numerical
solutions of- non-linear algebraic equations
by Secant, Bisection and Newton-Raphson
Methods; Numierical integration by trape-
zoidal and Simpson’s rules.

Calculus: Limit, Continuity & differenti-
ability, Mean value Therorems, Theorems
of integral calculus, evaluation of definite
& improper integrals, Partial derivatives,
Total derivatives, maxima & minima.

COMPUTER SCIENCE AND INFORMATION
TECHNOLOGY

Digital Loglc' Logic functions, Minimiza-
tion, Design and synthesis of combinational
and sequential circuits; Number representa-
tion and computer arithmetic (fixed and
floating point).

Computer Organization and Architec-
ture: Machine instructions and addressing
modes, ALU and data-path, CPU control
design, Memory interface, /O interface
(Interrupt and DMA mode), Instruction

‘pipelining, Cache and main memory, Scc-

ondary storage.

Programming and Data Structures: Pro-
gramming in C; Functions, Recursion, Pa-
rameter passing, Scope, Binding; Abstract
data types, Arrays, Stacks, Queues, Linked
Lists, Trees, Binary search trees, Binary
heaps.

Algorithms: Analy51s Asymptotic nota-
tion, Notions of space and time complexity,
Worst and average case analysis; Design:
Greedy approach, Dynamic programming,
Divide-and-conquer; Tree and graph tra-
versals, Connected components, Spanning
trees, Shortest paths; Hashing, Sorting,
Searching. Asymptotic ~analysis (best,
worst, average cases) of time and space,
upper and lower bounds, Basic concepts of
complexity classes —P, NP NP-hard, NP-
complete.

Theory of Computation: Regular lan-
guages and finite automata, Context free
languages and Push-down automata, Re-
cursively enumerable sets and Turing
machines, Undecidability

Compiler Design: Lexical analysis, Pars-
ing, Syntax directed translation, Runtime
environments, Intermediate and target code
generation, Basics of code optimization.

Operating System: Processes, Threads,
Inter-process communication, Concur-
rency, Synchronization, Deadlock, CPU
scheduling, Memory management and Vir-
tual memory, File systems, I/O systems,
Protection and security.

Databases: ER-model, Relational model
(relational algebra, tuple ‘calculus), Data-
base design (integrity constraints, normal
forms), Query languages (SQL), File struc-
tures (sequential files, indexing, B and B+
trees), Transactions and concurrency con-
trol.

# Brilliant Tutorials Pvt. Ltd.
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vii

Information Systems and Software Engi-

neering: Information gathering, requirement
and feasibility analysis, data flow diagrams,
process specifications, input/output design,

process lite cycle, planning and managing.

the project, design, coding, testing, imple-
mentation, maintenance.

Computer Networks: ISO/OSI stack, LAN
technologies (Ethernet, Token ring), Flow
and error control techniques, Routing
algorithms, Congestion control, TCP/UDP

and sockets, IP (v4), Application layer pro-
tocols (icmp, dns, smtp, pop, ftp, hitp); Basic
concepts of hubs, switches, gateways and
routers. Network security — basic con-
cepts of public key and private key cryptogra-
phy, digitai signature, firewalls.

Web technologies: HTML, XML, basic
concepts of client-server computing.

TOPICS PROPOSED TO BE COVERED IN EACH SET

Set No.
1 Engineering Mathematics
2 Engineering Mathematics
3 Cohputer Hardware — Digital Logic, Computer Organization
) Theory of Computation

5 Software Systems -- Data Structure

6 Operating Systems

7 Data Bases, including Information Systems and Software Engineering

8 Computer Networks, including HTML, Network security, Client server computing and -

GATE Questions and Answers.

# Brilliant Tutorials Pvt. Ltd.
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21.
22.

23.

24.
25.
26.
27.
28.
- 29.

30.

31.
32.
33.

34.

35.
36.
37.
38.
39.
40.

41.

Ian Ahderson
Peter J. Cameron

John Riordan

Gray Chartrand

J.A. Bondy and U.S.R.
Murthy

H.C.S. Saxena

B.D: Gupta

V. Rajaraman .

Peter Linz

J. Glenn Brookshear

Mano, M. Morris

Andrew. S. Tanenbaum.

David A. Patterson,
John. L. Hennessy

Alfred V. Aho, Jeffrer.
D. Ullman, John E
Hopcroft

Kerninghan and Ritchie

E. Balagurusamy
Robert Lafore
Alfred V. Aho and
Jeffrey D. Ullman
Andrew Tanenbaum

Andrew S. Tanenbaum

Silberschatz Galvin

Combinatorics of Finite
sets

Combinatorics: Topics,

Techniques, Algorithms

Introduction to
Combinationatorial
analysis

Introductory Graph Theory

Graph Theory with
Applications

Numerical Analysis

Numerical Analysis

Computer Oriented
Numerical Methods

An Introduction to Formal
Languages and Automata

Theory of Computation;
Formal Languages,

Automata and Complexity

Digital Logic and Computer

Design.

Computer Organisation

Computer Organisation
and Design

Data Structures and

Algorithms in Computer
Science and information . .

The C-Programming
Languages

Programming in ANSI C.

Object oriented
programming

Principle of Compiler
Design

Modern Operating System

Distributed of.\erating
system

Dover Publications

' Cambridge University Press

Dover Publications

Dover Publications .

MacMillan

8. Chand & CO.

Stosivs inc/Advent Books Division
Prentice Hall of India

Jones and Bartlett

Publications

The Benjamin/Cummings
Publishing Company Inc.

Prentice Hall

Prentice Hall

Morgan Kaufman

Morgan Kaufman

Prentice Hall

‘Tata-McGraw-Hill

Waibe Group Press
Addison Wesley
Pearson Education

Prentice Hall, Inc.

Operating system Concepts Prentice Hall, Inc.
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42. Bach The Design of Unix OS Prentice Hall
43. Roger Software Engineering-A MecGraw-Hill
practitioner’s Approach
44, Guezzi, Jayazeni and Fundamentals of Software
" Mandrioli Engineering
45. Ilan Sommerville . Software Engineering Addison Wesley
46. Schach Software Engineering A.K. Sen Associates.
47. C.J.Date Introduction to Database  Addison Wesley Longman
i systems’ )
48. Korth and Silberschatz Database system concepts McGraw-Hill
49. Elmasri/Navathe Fundamentals of Database Benjamin-Cummings
systems
50. Andrew Tanenbaum Computer Networks Prentice Hall
51. Leon. Garcia, Widjaja =~ Communication Network,
Fundamental Concepts and
Key Architectures
52, Peterson and Davies Computer Networks, Morgan-Kaufman
Systems Approach
53. Teach You SQL BPB Publications
54. Mastering SQL BPB Publications
55. Steven Holzner HTML Black Book Dream Tech Press
56. James Jaworski ‘Java Script and J script Sybex. Inc.
57. Andrea Steelman Java Servlets and J.S.P Murach Publications
Joel Murach L
58. Alex Homer, Dave ASP NET Professional
Sussman ‘
59. Erik. T. Ray (Spider Learning XML
Pro)
' 60. David Hunser, Jeff Beginning XML
Rafter
Website References
ht‘tp://www.éricweisstein.com/encyclopedias/books/discrete mathematics.html.
http://www.graphtheory.com '
http://www.numerical_methods.com
http://www.math jet.ac.illnnaiman/nm
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| . MATHEMATICAL LOGIC

PROPOSITIONAL LOGIC

Introduction

A proposition is a declarative statement that is either
true or false but not both. For example, “My name
is Ramesh” is a declarative statement but “what is
your name?” is not a declarative statement.

Note that when Ramesh tells “My name is
Ramesh”, it is true and when Suresh tells the same
statement, it is false. Thus a proposition is a stato-
ment involving only definite or constant notions. The
truthfulness or falsity of a proposition is called its
truth value; when the proposition is true, its truth
‘value is T and when false, it is F. Propositions
formed out of subpropositions using connectives
are called compound propositions. The basic prop-
erty of a compound proposition is that its truth value
is decided by the truth values of the subpropositions
in it along with the manner in which they are linked
to form the compound proposition.
 Definition of Tautology
A compound proposition that is always true no mat-
ter what the truth values of the propositions that oc-
cur in it, is called a tautology.

A compound proposition that is always false irre-
spective of the truth values of the constituent propo-
sitions is called a contradiction.

A proposition that is neither a tautology nor a
contradiction is called a contingency.

Truth Table: A truth table displays the relationships
between the truth values of propositions.

1. Atomic statement: Statements without connec-.
tives like ‘but’, ‘or’, ‘and’ are called atomic or
primary statements.

2. Conjunction: Let P and Q be two statements.
Then the statement “P and Q” denoted by PAQ
is called the conjunction of P and Q.

Let P:1am Ramesh
Q : He is Suresh

‘ Then PAQ : I am Ramesh and he is Suresh.

3. Disjunction: PvQ meaning “P or Q” is called
the disjunction of P and Q.

For the above statements P and Q, PvQ is “I am

Ramesh or he is Suresh”.

4. Negation: ‘Not P’, denoted by | P or by ~ P is

called the negation of P.

For the above example, |P is “I am not
Rarnesh”.

The truth table for v, A and 1is given in the fol-
lowing table.

P Q PvQ | PAQ | TP
T | T T T F
T F T F F
F T T F T
F F F F T

. Conditional: The statement “If P then Q” is

called the conditional statement and it is denot-
ed by P— Q. In P — Q, P is called the an-
tecedent and Q is the consequent. P — Q is
false only when P is true and Q is false. For all
other alternatives, P — Q is always true. A true
statement cannot have a false implication.

. Biconditional: The statement “P if and only if

Q”, denoted by P &=Q is called the bicondi-
tional statement. In this situation, we say that Q
is a necessary and sufficient condition for P. The
biconditional P == Q is true only when P and
Q have the same truth values. P ¥—=2 Q is used
to mean P — Q and Q — P. We say that ‘P is
equivalent to Q’.

The truth table for P — Q and P&—2 Q is giv-
en in the following table.

P Q P>Q |P &/]Q
T T T T
T F F F
F T T F
F F T T

Remark 1: The symbols 1 v, A, =, &= are

called logical constants; the last four of these,
which are used between two propositions, are .
called logical connectives,

The following table defines these logical opera-
tors:

Let P, Q be any two propositions.

% Brilliant Tutorials Pvt. Ltd.
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2
Terminology Notation Description
Negation of P 1p not P
Disjunction of P, Q PvQ PorQ
Conjunction of P, Q PAQ Pand Q
Implication or P-Q If P then Q
conditional
Bi-implication or P +=—*Q |Qifandonly ifP
Biconditional

It is customary to use the abbreviation iff for

‘if and only if>. All definitions are iff state- -

ments.

Remark 2: Exclusive OR: Let P and Q be.

propositions. Then P ¥ Q means either P or Q
but never both. Exclusive OR is also denoted by
P®Q.
Remark 3: By P =T we mean that P is true.

~ Q=F means that Q is false.

7. Statement formula: A string of symbols is said
to form a well-formed statement formula (ab-

breviated as WFF), if it is derived by applying.

the following rules:-
(i) Any statement P is a WFF
(ii) If A is a WFF then | A is WFF
(iii) If A and B are WFFs then AAB, AV B,
* A — Band A= B are WFFs.
For example, (P = Q) v (R &= S) is a WFF
but (kP — Q) A) is not.

8. Logical Equlvalence Two propositions P and
Q are said to be logically equivalent or equiva-
lent or simply equal, denoted by P = Q if they
have identical truth tables.

The following truth tables show that 1 (PAQ) =
1pv 1Q

P Q PAQ | kPaQ)

T T T | F

T F F T

F T F T

F F F T
](P A Q

9.

10.

11.
12.

GATE

P | Q| 1r] 1Q |TpviQ

T | T| F F F

T | F| F T T

FlT]| T F T

F|F | T T T
vilQ

Implication: A formula P is said to imply Q. if
P — Qs true and we write then

P=Q.

Equivalent Formulae: Two formulae P and Q
are equivalent, denoted by P & Q, iff

P & Qis true.

NAND: PTQ & 1(PAQ)

NOR: PlQ —1(PvQ)
Thus NAND and NOR stand for Not AND and
Not OR respectively. '
The truth table for v , T and 1 is given in
Table below.

P Q | pvQ| PTQ | PlQ

T T . F F F

T F T T F

F T T T F

F F F T T

We list the laws of algebra of propositions as
under. t, f, = stand for tautology, contradictior.
and logical equivalence.

Laws Algebra of Propositions
. Idempotent PvP=P;PAP=P
laws
Associative  Pv(QVvR)=(PvQ)VvR
laws PAQAR)=(PAQ) AR
Commutative PvQ=QvP,PAQ=QAP
laws
Distributive PviQAR)=(PvQ)A(PVR)
laws PAQVR)=(PAQV(PAR)

ldenti;y laws Pvf=P,PAat=P

Pvt=t,PAf=f

PV]PE(,PA]PEf
NMe=p, Tt=f 1f=t

Complement
laws

* Brilliant Tutorials Pvt. Ltd.

GATE-CS/IT-I-2



GATE
Laws Algebra of Propositions
7. DeMorgan’s 1(PvQ)=1PA1Q
laws lerQ=1rPviQ
8. Absorption Pv(PAQ)=P,PA(PvQ)=P.
laws

13. Functionally complete set: A subset of con-
nectives (A, v, |,—s, +—2) is said to be func-
tionally complete, if any formula can be con-
verted into an equivalent formula, having only
the connectives from the above subset:

For example, {1, A} is a functionally complete
set, but { |} and {A, v} are not.

14. Normal Forms: The normal form of a given
propositional formula is devoid of the connec-

tives—— and &—=. The connectives v, A -

(called sum and product respectively) and |
alone are present in such normal forms. Thus the
given formula can be reduced to a conjunctive
normal form or a disjunctive normal form.
Examples ‘
(a) Product: PAQ, IPAQ AR
(b) Sum:PvQ, [PVvQVR
(¢) Sum of products: (P A Q) v (] PA Q)
(d) Product of sums: (Pv Q) A (IPv Q)
(e) Minterm: Product consisting of all variables
(f) Maxterm: Sum consisting of all vari-
ables
15. Principal Conjunctive Normal Form (PCNF)
of a formula P is an equivalent formula consist-
ing of maxterms only. That is,
P = Product of maxterms
F NN YR GV A N (V)
For instance,
P=PA f=PA(Qv]Q)
=(PvQAPvIQ)
= products.of sums
16. Principal Disjunctive Normal Form: (PDNF)
of a formula P is an equivalent formula consist-
ing of minterms only.
For example,
P=PAt=PA(Qv ]Q)
=(PAQ v (P AlQ)
= sum of products
17. Infix notation: (formula 1) (connective)
(formula 2) is called an infix notation.
Example: PA Q

18. Prefix notation: (connective) (formula 1) (for-
mula 2) is ca]led a prefix notation. Example
APQ

19. Postfix notation: (formula 1) (formula 2) (con-
nective) is known as postfix notation. Example,
PQA.

- 20. Premises, formal proof, conclusion: An argu-

ment is an assertion that a given set of proposi-
tions Py, Py, ..., P,, known as Premises, gives

rise to another proposition Q, called the conclu-
sion. The process of arriving at the conclusion
from the premises by employing the rules of
reasoning is known as formal proof. A valid
argument is one in which from true premises, a
true conclusion follows. An argument which is
not valid is called a fallacy.
To arrive at a conclusion from a given set of
premises taken to be true, the followmg two
rules are used:-
Rule P: Any premise can be introduced at any
" stage.
Rule T: Any formula S can be introduced if S is
obtained at a previous stage.

21. Inconsistency: The set of formulae H;, H,,
..... » H,, is said to be inconsistent, if H; A H, A ...
A H is false.

22. Predicate: A proposmon described in subject-
predicate form is symbolized by a predicate
variable or propositional form P(x) where P
denotes the predicate and x, the subject. For ex-
ample, if P(x) stands for “x is an integer’ then
“is an integer” is the predicate.

23 Universal quantifier and Existential quantifi-
er: The symbols+ and 3 are called quantifiers
and they mean “for all” and “there exists” re-
spectively. They are respectively known as the
universal quantifier and the existential quan-
tifier. Thus xz x P (x) is to be read as for all x
(in its domain) P(x)' and, 3 x P(x) means ‘there
exists x such that P(x)' or ‘for some x, P(x)'. In
x P(x), there are two x's; the x in P(x) is known
as a free variable and the other Mx is called a
bound variable (or an apparent variable). The
scope of a quantifier occurring in a formula is
the formula to which the quantifier applies. For
instance, in+x P(x), the scope of the quantifiers
A x 18 P(x).
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24. Universe of discourse or domain is the set of
all values taken by a variable.

25. Rules of predicate calculus
Rule US (Universal Specification) 3+x A(x)
= A(y)
Rule ES (Existential Specification) 3x A(x)
= A(y), y is new. .
Rule EG (Existential Generalization) A(x)
= Jy A(y)
Rule UG (Universal Generalization) A(x)
= V yA(y)
If x is not free in the given premises and if x is
free resulted from ES, then no variables intro-
duced by that use of ES appear free in A(x).

26. Substitution instance (or rule) In formula P —
Q substitute (A ¥—= B) for P and (IR v S) for

~ Qto get (A ==B)—> (IR V).
27. Consistency Formulac H], HZ' . Hn are said

to be consistent, if they are not inconsistent.
Note
1:In propositional calculus the method of substitu-
tion and the truth table method are used to prove
theorems. In predicate calculus the method of
truth tables is not advantageous. The proposi-
tional calculus is complete in two senses namely
(i) every tautology can be proved (ii) addition of
an improvable proposition would read to contra-
diction (in the logical sense). But the predicate
caleulus is not complete in the logical sense;
however, it is complete in the sense that every
~ tautology is provable. :
If a formula holds for some assignment of natu-
ral numbers to its individual variables and truth
values for the predicate variables, then the for-
mula is said to be satisfiable in the domain of
natural numbers. For every formula A of the
first order predicate calculus either — A is prov-
able or A is satisfiable in the domain of natural
numbers. From the above result we have the fol-
lowing results:
(a) If a formula is universally valid, then it is
provable. '
(b) If a formula is valid in the domain of nat-
ural numbers, then it is valid in every do-
main, '

GATE

(c) “If a formula is satisfiable in some non-
empty domain then it is satisfiable in the
set of natural.numbers.

2: Recall that a proposition is a statement involving
only definite or constant notions. Thus ‘The
sky is blue’, ‘blood is red’, ‘man is mortal’ are
propositions whereas, all x’s are y’s, is not a
proposition for it contains variables or undeter-
mined constituents. When specific values are
assigned to the variables in statements then they
become propositions and are called proposi-
tional functions. Thus all x’s are y’s becomes
the proposition ‘all men are mortal' by assigning
values to x and y. Functions are said to be for-
mally equivalent if for the same values of their
variables they are true or false.

Problems with Solutions (on connectives)
Problem: Given that P and Q are true; R and S are
false, find the truth value of (PAQ) v IR) v (@3
AQV IR) A S)
Solution: Using the truth values of P, Q, R, S, the
given expression becomes
Aaan)v1IBHvATAT) v IF) AF)
sATVDV(FAT) VT)AF)
‘ (- TAT=T,1T=F, |F=T)

=(FVvT)V({(FvT)AF) (- FAT=F)
=Tv(TAF) (-FvT=T)
=TvF

=T

- the truth value of the given expression is T.
Problem : Given that P and Q have truth values
T; R and S have truth values F, find the truth value
of (Pv (Q = RAIP)F=(QV S)
Solution: Applying the truth values the given
expression becomes
(Tv (T - (F AlT)==2(TVIF)
=(Tv (T FAR)(TVvT)
=(Tv(T->F)=T
(wFAF=F,TvT=T)
=(TvE)&=T («T->F=F)
=TT '

=T .

Thus the truth value of the given expression isT.
Problem : Show that the truth value of the formula
P->Q = (1PvQ) is independent of its compo-
nents.
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Solution: Method I ,
Constructing the truth table 1 for the formula,

Table 1
PlQie->Q]|lr|dPvQ|P->Q—
(pPvQ)
TiT] T F T T
T|F F F F T
FIT T T T T
F|F T T T T

From the last column, we find that (P — Q) &=

(] P v Q) is a tautology and so it is independent of
its components.

Method I

P-Q ==(IPvQ=P->Q
(P— Q) ("~ P— Qand |P v Q have the same truth
values)

=T as PP is always true.
Problem : Find an equivalent formula for ¥
consisting of A, v, 1.
Solution: The connective ¥ (exclusive OR) having
an equivalent formulation can be read from the fol-
lowing truth table 2.

Table 2

P | Q[PIQ|PAIQ|IPAQ| (PAIQV

Wil e | @ | o | (PO
‘ (6)
T|lT]| F F F F
TIF| T T F T
"FlT| T F T T
FlF| F F F F
T F

By columns (3) and (6), we observe that
PvQ=PAlQVv(IPAQ) ;
Problem : Show that (PA(P — Q)) — Q is a tautol---
ogy. .
Solution: We verify the statement by constructing
the following truth table 3.
Table 3

P Q P-»Q PA(P5Q Q (PA(P-Q)

T T T T T T
T F F./ F F T
F T T F T T !
F F T F F T

The last column of the table shows that
(PA (P = Q)) - Q is a tautology.
Problem : Prove the law of syllogism “If P implies
Q and Q implies R, then P.implies R”.

Table 4

re

R (P—-Q

—_
Y
~—
—
BN
~

(Q-R)
“(3) ) )

(P->R)  (P>QAQ-R) ()= (6)
©6) @A) ®)
(7

m T 'n m o= o= =]
m m =3 <4 m m 3 3
m ~4 ™ =4 m 4 m -
- -1 4 = T m 4 4

T T T T RS (e

e T e T T B T
T T s N T R R
e I T T HRT (Rt R G
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Solution: Since there are three variables P, Q ,R the
truth table will contain 2 x 2 x 2 = 8 lines. (See Ta-
ble 4)

The last column shows that the given proposition is a .

tautology.
Problem: Show that P implies Q — P.

Solution: Assume that P does not imply Q — P. |

" That is, P = (Q — P) is false. So P is true and
Q — P is false. Now Q — P is false only when Q is
true and P is false. Thus we find that P is true and P

is false at the same time, a contradiction. .. P = (Q

- P).

Problem: Prove (Q — (P Al P)) —
(R—>(P/JP))=>(R->Q)

Solution: Assume that the given statement is false.
Then (Q = (P A1P)) = (R — ( P A]P)) is true and
R — Q is false. .. (D

Since R — Qis false R is true and Q is false. Now
prepare the following truth table 5 observing that P
AP is always false.

Table 5
P|IQIR|PAIP|Q—oPAIP|R = PAIP|(D=(2)
_ ) (2)
T|F|T| F T F F
FIF|T| F T F F

The last. column of the table shows that (Q —(P
Al P)) > (R— (P AlP))is always false. This contra-
dicts (1). Hence our assumption is wrong. So the givw
en statement must be true.

Problem: Show that T =Q o @ AIQ V(P
AQ)

- Solution

The result follows from the Table 6.

GATE

Problem: Show that {A, v} is not functionally com-
plete.
Solution: P v | P, which is always true, cannot be
written in terms of v and A only. Hence {A, v} is not
functionally complete.
Problem : Show that {T} is functionally complete.
Solution: We know

1p

PTP=1PAP) ~
®TQ) T (®TQ) 1TQ) A (PTQ)
1d®@AQ A TP AQ)
1d®AQ)
PAQ and
1(®TP) A (QTQ)
1d@®AP) Al(QAQ)
=1(dPAlQ
=PvQ .
Hence any formula consisting of A, Vv and T can
be written as a formula consisting of T only. Thus
{T} is functionally complete.
Problem : Express P — (1P = Q) in terms of T
Solution ,
P—(lP>Q

®TP) T(QTQ)

womom oo e

=|Pv(IP>Q

P> Q=lPvQ)

=lpv(llPvQ

=]Pv(PvQ)

-—]PvPvQ

=|PvP’

('.']PvPis always true,
]PVPVQE()

=|(P AlP)

=pT |p.

Problem : Express PTQ in terms of .
Solution

PPQ=1(PAQ=1(PAQ V(P AQ)

Table 6
P Q P&—=0Q 1Ps=qQ 1o PalQ 1P 1PAQ @v3 (He@
() ) B =@
T T T F F F F F F T
T F F T T T F F T T
F T F T F F T T T T
F F T F T F T F P Cop
- T T
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, =PAQL(PAQ) il
Now, PAQ=(PVP)A(QVQ
= |(PlP) A1(QLQ)
= 1(®IP) v QLQ)
=(PP) L (QIQ)

Using this in (1),
PTQ=@{P)l Qi) @iPi@QlQ)).
Problem : Show that the following statements are

inconsistent:

P—>QP—-R,Q— |RandP.
Solution
By the law of syllogism (See problem worked out
in our earlier page). ~
P-QandQ— IR imply P— |R. AlsoglvenP
— R and P. Now

Table 7
P R IR PR PR
(1) ® €)
T ¥ F T F
T F T F T
F T F T T
F F T Ny T

A scrutiny of columns (1), (2) and (3) of the above
table 7 shows that the given statements are inconsis-
tent.

Problem : Prove that C follows from H; and H,

where H) :P - (Q > R),H,:PAQ,C:R
Solution: We have to show (H; A H,) = C. That is,
if Hy A H, is true then C is true.

Suppose that H; A H, is true. i.e., both H; and H,
are true.

Then P — (Q — R) and PAQ are true.

i.e., P— (Q - R), P and Q are true.

~ Since P — (Q — R) is true and P is true, Q — R
must be true. But Q is true .~. R is true. i.e., C is true.
Problem : Without constructing a truth table show
that A A E is not a valid consequence of ;
Hi:'A &2 B, Hy: B &= (CAD), H3:C =2 (AVE),
H4I AVE.

Solution: Note that to prove Q is not a valid conse-

quence of P it is enough to prove that P is true while
Q is false.

For the combinations A, B, D false and C, E true we -

first check that Hy, H,, H3, Hy are true.
Since A, B are both false H; : A&—2 B is true.
Since C is true and D is falsc CaDis false Also B is
false.
~ Hy: B &=CA Dis true.
Agam A is false, E is true Jmply AVE is true. But C
is true.
JiHy Cq__..(AvE) is also true.
Lastly Hy : Av E is true.
Now A is false while E is true. So AAE is false.
Thus H, A Hy A Hy A Hy is true and AAE is false.
So ALE is not a valid conclusion of Hy, Hy, H3, Hy.

Problem : Find the simplest form of (P — Q) +—=
Q- 1P) AR
Solution: First note that P — Q is equlvalent to

1Q——)]P

Table 8
P Q PsQ 1Q Tp To-Tr W&
(n 2
T T T F F T T
T F F T F F T
F T T F T T T
F F T T T T T
T ¥

Thus (P — Q) — Q- 1P is always true.
So the simplest form of (P — Q)¥==21Q — 1P) A
R is R (by identity law). |

- Problem : Find the conclusion from the premises

(A = B)A (A — C),(BAC), (DVA).
Solution: By rule P, consider (A — B) A (A — C).
Then A—> B ACbyruleT.

‘Now consider | (B AC) by rule P.

Since A—> B AC. -}(B/\C)%-]A Thusweget-]A

" Taking D v A with | A, we conclude D.

Problem : Obtain the principal conjunctive normal
form and the principal disjunctive normal form of
Pv(IP-@Qv(1Q-R)).
Solution: We know that P — Q is equivalent to
lpva.

~ S ]lQ->R=QvVR.

Hence Qv (1 Q -5 R)=Q Vv (QVR)

=QvR
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ThusA—:—Pv(]P——)(QvﬂQ—-)R)))
=pv(lP->QvR)
=Pv(PvQvR)
=P v QvR is the required principal

conjunctive normal form. ;
Let P denote 1P and A stand for the product of the

remaining | maxterms. ‘ :
Then :

A= (PvQvﬁ)/\(PvavR)A(”};vaR).A(Pvavf_{)
A(FVQVE)A(I_’VGVR)A(i’_vavﬁ)
So, ‘
A =—A_E(F/\6/\ R)V(BAQAE)V(PAaAE)V(—[;AQI\ R)
v(PAQAR)V(PAQAR)V(PAQAR)
is the required principal disjunctive normal form.
Problem : Write P A |R — Q &==PAQ in (i) prefix
form (ii) postfix form.
Solation: (i) The precedence isl,Av,>, —
where |has the highest precedence.
Now A=P AlR —» Q¥ PAQ
=((P AlR) » Q) ==(PrQ)
=— >AP|RQAPQ
: (see Figure below)
A= Ps IR }o——=(.P A
w('v Q
Prefix notation
- (i) Consider Figure below.
A=((Pa(IRD) Q) &==2(PAQ

Postfix notation
~A=PRIAQ—>PQA —
Problem: Convert P | P — P — P — into infix no-
tation. j
Solution: The given expression is in postfix nota-
tion. Moving from left to right, -

GATE

Solution: Constructing the truth table 9 we find that
the contra positive 1Q — 1P is logically equivalent
toP - Q.

Table 9
PQIp1Q P>Q QP IPol1QlQ-1P
TTF F T T T T
TFF T F T T F
lfTT F T F F T
IFFT T T T T T
T .

We now list some implications and equivalences

which can be easily established.
1.P,Q=PAQ

.PAQ=P

o P PvQ

.IP=P->Q

.Q=P-Q

.lP->Q =P

de-Q=1Q

. PA(P->Q) =Q

.JQa®@->Q=1p

10. IPAPVQ) =Q

11. PvQA(P->R)A(Q—->R)=R

12. |[P—=— QeP=—1Q

oA W

=2 - B

OBJECTIVE QUESTIONS

1. One of the following is a declarative statement.
Identify it. '
(a) It is beautiful
(b) He says “it is correct”
(¢) Two may not be an even integer
(d) I love you '
2.P — (Q — R) isequivalent to
(a) PAQ) >R ((PvQ >R

A B AP o Pt © PvQ - IR@EPAQ - IR
=( P)\P PP 3.(P v Q) A (P — R) A (Q— R) is equivalent to
=(IP>PwP P> (a) P ()Q -
=(1P>P)>P), P> 9K @]1p
- X 4.1 (P — Q) is equivalent to
=(1P->P)>P)>P (a) PAlQ ") 1P AQ

Problem: For the conditional P — Q, the proposi- (c) Tp vl Q (d) PvQ

tions Q » P, |P— 1Qand 1Q- 1P are called the 5, Choose the functionally complete set.

converse, inverse and contra positive respectively. (a) {_L A,V (b){ !,A}

Which of these are logically equivalent to P — Q? (©) {1} (d) {—, A}

% Brilliant Tutorials Pvt. Ltd. GATE-CS/IT-I-8
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6. Pick the correct prefix formula.
(a - 1PvQe=—1RrR s
(b) > Pl Qve= RS
(¢) > —>PQ—->—->QR - PR
(d) - 1PV & QspP
7. Which one of the following statements is true
when exactly two of P, Q or R are true?
( P means 1 P)
(a) (PAQAR)V(PAQAR)A(PAQAR)

(b) (FVQVR)/\(PVQVR)A(PVQVR")

(©) (PAQAR)V(PAQAR)V(PAQAR)

8. Say true or false.
The two formulae (PAQ) v (PAR)) — S and
(Pv(Q AR)v Sare equivalent.

9. The negation of the statement 3x ~y, P (x, y)
is

(a)  xdy, P(x,y)

(b) ~ x 3y, 1P(x,y)

(¢) 3x3y, IP(x,y)

(d) »ywx,3z [P(x,y,2)

10. Which one of the following statements is true?

1. A valid argument is one in which from true
premises a true conclusion follows.

2. The truth-table method provides us with a
method of deciding whether a formula is a
tautology or not. '

3. The propositional logic is sufficient to meet
the demands of mathematics.

(a) 1,2 (b)2,3

(¢c) 1,3 (d) All the three

11. Which of the following statements is false?

1. First order logic (predicate calculus) is one
in which the predicate variables themselves
are not quantified; that is, forms like~P(x)

do not occur in this logic.

2. Principal conjunctive normal form of a for-
mula is an equivalent formula consisting of
minterms only.

(a) 1 only (b) 2 only

(c) both 1 and 2 (d)neither 1 nor 2

12. The compound proposition (last column) corre-
sponding to the truth table

P q Tq 7 pvlg 71
T T F T T
T F T T F
F T F F T
F F T T F
(a)p—gq (b)p-lq
©pvlg—q (@g-p

13. Which of the following statements is/are true?
1. The propositional calculus is a decidable
theory.
2. The propositional calculus is sufficient to
meet the demands of mathematics.
3. The propositional calculus is complete in
the sense that every tautology can be proved.
(a) 1 and 2 (b)2and 3
(c) 1 and 3 (d) All the three
14. Identify the tautology which is known as the
Law of the Excluded Middle
LPv AP 2.4[Pv(=P)]
(a1l (b)2
(c) neither 1 nor 2 (d) both 1 and 2

15. Identify the tautology which is known as the

Law of contradiction.
1. [Pv(=P)]
2.Pv—P
(a) 1 (b) 2
(c)both 1 and 2  (d) neither 1 nor 2
16. If the proposition — P = q is true then the truth
value of the proposition— P v (p = q) is
- (a) true (b) multiple-valued
(c) false . . (d)cannot be determined
17. Let a, b, c, d-be propositions. Assume that the
equivalences a <> (b v — b) and b & ¢ hold.
Then the truth value of the formula
(aAb)—> ((a A c) vd) is always
(a) true A
(b) false
(c) same as the truth value of b
(d) same as the truth value of d
18. An equivalent formula for
Pvpar=(pvr)
containing the connectives A and — only is
(@ pavp (b)vpavp)
(¢) v(par) (d) none of these

# Brilliant Tutorials Pvt. Ltd.
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19. Domain; The set of all human beings
¢ (x, y) =y is the father of X’
Which of the following propositions is true?
L+x) (3o (xy)
2.(3y) (¥x) ¢ (x,¥)
(a) 1 only .~ (b)2 only
(c) both 1 and 2 (d) neither 1 nor 2

20. Which of the following statements is true?
1. Quantification eliminates variables from
propositional functions.
2. The type of proof in which a preposition p
is shown to be false by showing that p
‘leads to on absurdity is known as reductio
and absurdum. '

(a)1 ()2
(c)both 1and 2  (d)neither 1 nor 2

KEY

L. 2@ 3@ 4@
5.(c) 6.(c) T.() 8. True
9. () 10. (@ 1L (b) 12. (c)
13. () 14. (@ 15. (a) 16. (b)
17. (a) 18. (b) 19. (a)  20. (¢)

EXERCISE

1. Let p and q be the propositions.
p: It is below freezing
q: It is snowing
Write the following propositions usmg p.q and
logical connectives. %
(a) Itis below freezing and snowing
(b) It is below freezing but not snowing
(¢) It is not below freezing and not snowing
(d) It is either snowing or below freezing or
both
(e) If it is below freezing, it is not snowing
(f) It is either below freezing or it is snow-

ing but it is not snowing if*it is below

freezing
(g) That it is below freezing is necessary and
sufficient for it to be snowing

GATE

2. Construct a truth table for each of the following
compound propositions:-
@pnlp

®pvip

©@vig-g
@pEvy—->pPra
@@e->9=—=lq->1p
®@P->9->@Q—>p)

@p—(qvn

M 1lp—>@-0
Oe->v(lp-
de->aalp—on
®Wp->qvlge=r
O(dp=lo+=— @ e

3. Show that the propositions p v (q A r) and
(pVv 9 A (p v 1) are logically equivalent. Find if
(p A @ = (p v q) is a tautology or a contradic-
tion.

4. Show that (i) (p > q) > randp = (q > 1) are
not loglcally equivalent.
(ii) ] (p&=— q)and ] p & q are logically
equivalent.

5. Obtain an equivalent proposition to p — q using
the operator { only.

6. Will |, A and v form a functionally complete
collection of logical operators?

7. The truth value of negation of a proposition in
fuzzy logic is 1 minus the truth value of the
proposition. What are the truth values of the
statements?

“Ram is not happy” and “Krishna is not happy”
(Given that the truth value for the statement
“Ram is happy” is 0.8 and the truth value for the
statement “Krishna is happy” is 0.4.)

8. Find the bitwise OR, bitwise AND and bitwise
XOR of each of the following pairs of bit bmngs
(a) 1011110, 0100001
(b) 111 10000, 10101010
(¢) 00011 10001, 1001001000
(d) 11111 11111, 00000 00000

@ Brilliant Tutorials Pvt. Ltd.
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PROBLEMS WITH SOLUTIONS

1. Given that P, Q, R, S have truth values T, T, F,
F respectively, find the truth value of
FPAQV IR V(QF=2-P) > RV - §)).
Solution
Substituting the truth values of P, Q, R, Sin the
given statement, we get
ETATVT)VITFF) > FvT)

=(FvT)v(F->T)
=TvT
=T
-, the given statement has the truth value T.
2.Show that (=P A (- QA R)) v QAR) vV

11
Solution
(a) Given (H; A H, A ........ AH,AP)=>Q
(D)
To prove (Hy AH,y A ... AH)=P->Q
Assume that Hy A H, A ... A H, is
true and P — Q is false.
ie, H, Hy, ........, H, are true; P is true,
R is false. '
“ Hy A Hy A A Hp A P is true, Q is
false. }
S Hy AHy A A~ Hy A P Q which contra-

dicts (1) and so the result follows.

P AR)is ivalent to R.
G450 emivalont o (b) Construct the truth table.(Table 10)
- Solution From the last column of the table, the re-
‘ﬁPA‘lQﬁ"ﬂ(PVQ)and(Q/\R)V (PAR) sult follows.
=(PvQnaR Table 11
.. the given statement
©|P Q P P P =
=(=(PVQAR)V(PvQ)AR) - B2 @A T D=0)
=-PvQvPvQ)aR
-~ (PvQ) v (PvQ)isa tautology. TT T T T T
- the statement is equivalent to R. T F F T T T
3. PrroveI ;hlj fo}liowing. H and P il . FT T F T T
(a) 1), Hyy vy H, and P imply Q, then PR T . P T
Hi, Hy, oo, H, imply P -Q
b)) P>Q->R)=>(P->Q - ((P->R) The last column proves the result.
(€©) P->Q->Q=PvQ (d) (Table 12)
@ -PT2Q o (PrA-Q)v(=PAa Q) Clearly from the table 12 (1) <>(4).
Table 10
P Q R Q-R (1) —->Q2) P->Q P—->R @->{3) @)-(©)
1. (2) (3) (4) (5) (6)
T T T T T T T T T
T T F F F T F F T
T F T T T F T T T
T F F T T F F T T
F T T T T T T T T
F T F F T T T T T
F F T T T T T T T
F F F T T T T T T

© Brilliant Tutorials Pvt. Ltd.
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Table 12
P Q PEQ ~PZ=Q0) -Q PA-Q(2) -P -PAQB3) @)v(B)=@4)
T T T F F F F F F
T F F T T T F F T
F T F T F F T T- T
F F T F T F T F . F
4 4

4.Find an equivalent formula for
(i) = (P — (Q A R)) containing v and — only
(ii) (P ==Q) A (= P > Q) containing — and
v only
(iii) (P - Q) v R containing T only

Solution .
(i) We know that AAB=—-(-~Av-B)
(D)
andA—>B=-AVB
AP ->QAR)== (-Pv(QAR))
= (=Pv(=(=Qv=R)) (by())

(ii) We know that P2 Q=P > Q) A
(Q » P)and
~P->Q=PvQ
L PEDAEP->Q==P->Q A

Q->P)A(PVvQ
=(-PVQAQVPIARPVQ)
=AABAC
where A==PvQ,B=-QvPand

C=PvQ

Note that AABAC=-(=Av-Bv-C().
Thus the equivalent formula contains only —
and v. ‘

(iii) We know that P T P== (PAP)==P

()
o (2)
E))

Also,PAQ=PTQT®TQ

andPvQ=PTPTQTQ
~(P>QVR=(-=PVvQ VR
=(-PvQT=PvQ)T®RTR) (by (3)
=((-PT-PTQTQYT(=PT-pT

QTQ)TRTR) by (3)

=eTQTMWTCTQTYTRTR)
(by (1))-
5. Show that {— , —} is functionally complete.

Solution '

Recall that a set of connectives is said to be

functionally complete if any formula can be

written as an equivalent formula containing

these connectives only. Obviously {—, v, A} is

functionally complete.

Since PAQ == (= Pv = Q) {—, v} is func-

tionally complete.

Since P v Q == P — Q, wherever v occurs we

can substitute for v the connectives — and —>.
o {=, v} = {=, &}, in tumn, implies that
{=, =} is functionally complete.

6.Prove that (PAQAR) > S AR > PVQ
v ) RAPEQ) S

Solution
Left side of the biconditional

=(PAQAR)>S)A(R->PVQVS)
=(-(PAQAR)VS)A(=RV(PVQVS))
=(-(PAQAR)VS)A(=RVPVQVS)
=(+(PAQAR)A(=RVPVQ)VS
== (PAQAR) V= (=RVPVQ)VS

= (PAQAR)VRA=(PVQ))VS
=(PAQAR)VRA-(PVQ))—>S
s(RAPAQVRA-(PVQ)) S
=RA((PAQV(-(PVQ))—>S
=RAPEZQ)—S

C-PEQ=PAQV(=PVv=Q

=PAQV ~(PVvQ)
=RHS.

€ Brilliant Tutorials Pvt. Ltd.
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7.Find the principal conjunctive normal form of
PAQV(=PAQ).

Solution
Putf=(P/\Q)v(-1P/\Q)=sumofsomemin
terms.

Then f=sum of remaining min terms

=(P/\—1Q)VV(~1P/\~1Q)
=PA=-QVv(-PA=Q)

(P/\—IQ)V(ﬂP/\—'lQ)
=(=PvQAPvQ)

= product of sums.

-
ll
i

. Obtain the principal disjunctive normal form of
P—>PAQ-—>P)
Solution
P> PA@Q—->P)
=-=Pv(PA(=QvVP)
=-Pv(PA-QV(PAP)
=-Pv((PA-Q)vDP)
=Pv-Pv(PA-Q)
=tv(PA-Q) (" Pv~P=t, atautolo-
gy)

=t .
=PAQV(PA-Q)V(-PAQ)V
(‘—\P/\ﬂQ)

= sum of products (min terms).
.Find the infix; prefix and suffix notation for
PA-R&E2PVvQ.

Solution
Putf=PA-REPVQ
The procedure is —, A, v, -, &

Infix f=(PA-R)& PvQ
=PA-R)&2PVvQ

Prefix (P r=R) &= (L PvQ)

N

o f= = AP-RVPQ

&
S f=PR-APQvE=

10. From - P v Q, = (Q A = R) and — R conclude
- P. :

Suffix( P A ~LR/<

11

12.

13

Solution
The premises are = P v Q, = (Q A = R) and
= R. We use the rules of inference P and T.

Rule of inference

1.-R P
2.-(QA=R) P

3.-QVR T(~-(PAQ=1Pv]Q)
4.-Q T(~ -QvRand ]R=>1Q)
5.-PvQ P

6.-P  T(--PvQand-Q= —P)

.. conclusion is — P.

- Find whether R can be concluded from P v Q,

P—->RandQ —R.

Solution
The premises are P v Q, P — R and Q — R.-
Take |R alsoasa premise. Use rules of inference.

Rule of inference

1. IR P

22Q>R P

3.-Q T(~Q—>Rand [R=
]QvRand_lR:-]Q)

4P>R P

5P T(~P—->Rand JR=>
1PvRand IR = 1P)

6. =P A—Q T (bysteps (5)and (3))

7.-(PvQ) T

8.PvQ P

We arrive at a contradiction from steps (7)
and (8). So TR cannot be a premise. i.e., R can
be concluded from the given premises.

Show that A v C is not a valid conclusion of
AF= B C),B==(lAv ]0),
C &=(A v -B)andB.

Solution
From the sixth row of the table 13 below, we find
that all the four premises are true but the conclu-
sion A v C is false. .. A v C is not a valid con-
clusion.

@ Brilliant Tutorials Pvt. Ltd.
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Table 13

GATE

A° B C —A -B -C -Av=C Bi==2(l) BoC AF2(2) Av-B CE===24) AvC
, () (2) ) 4 (%) (6)
T T T F F F F F T T T T T
T T F F F T T . T F F T F T
TAUF T P T WF F T T T T T T
T F F F T T T F T T T F T
F T T T F F' T T T F F F T
F F T F T T F ] F ]
F F T T T F T | F T F T T T
F F F T T T T F T F T F E
13.Show that A -» (B - C), D — (B A 1C)and | 15.Write a compound statement, which is true

14.

A A D are inconsistent.

Solution
Assume that the statements are consistent i.e., all
are true.

A A D is true implies both A and D are true.
Since A — (B — C) is true and A is true, B >
C must be true.

AgainD — (B A 1C) is true and D is true im-
plies that B A — C is true; that both B and |C
are true or B is true and C is false. This means,
B — C is false. Thus, we get a contradiction and
so the given statements are inconsistent.

Show that — (P — Q) = = (R Vv S),
(Q->P)v-R,R=>PEQ).
Solution

We apply the rules of inference
Rule of inference

1.R P
2.Q—>P)v-R P

3.Q0-»>P T (by (1) and (2))
4.RvS T(sinceR=>R v YS)
5.-P->Q —>-RvVS)P

6. P->Q T (by (4) and (5))
7.P->QAQ—-P T (by (3) and (4))
8.P2Q T

when none or one or two of the three variables
P, Q, R are true.

Solution

It is given that a statement is true when none, or

one or two of P, Q, R are true.

;. statement =
(-ISA—Q-/\E)V(PA_Q./\E)V(FAQAE)V
(—l;/\—Q—/\R)V(_]s/\QAR)V(P/\G/\R)V
(PAQAR)

-]
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| 2. PROBABILITY

2.1 MEASURES OF CENTRAL TENDENCY
These are the Mean (Arithmetic Mean A.M or the
average), the Median (a posfitional average), the
Mode (the value of the variable which occurs
most frequently), the Geometric Mean (G.M.
used extensively in finding the rate of population
growth) and the Harmonic Mean (H.M.).
Mean, Median, Mode and Skewness

Let X, X5, covenee , X, be the observed values and
let f; be the frequency of (the x; value of x; repeat-
ed f; times).

That is, if the datais 3, 1, 3, 3,2, 1, 3, 2, 2 then
xi= I,x2=2andx3=3,andfI =2,f2=3andf3=4.

Arithmetic Mean(X):

n
1 .
(X, + Xy F e +xn)=~—z X;

¥ 17X

1
n
and for frequency distribution

X = (f,x

N + X, o + fnxn)

1 < n
>z 2:' fixi whereN-—'Z] f,
= P
Median: Median divides the collection of data
into two equal parts. Hence this is called a posi-
tional average.

Problem : Find median of the following data.

Cost:  10--20 20-30 30-40 40-50 50-60

Items

ina

group : 4 5 3 6 3

Solution

Cost No. of Items in Cumulative
the group frequency

10-20 4 4
20-30 5 9
30-40 3 12
40 - 50 6 8
50 ~ 60 3 21

15

Here N = 21. Hence N/2 = 1G.5. The median
class is 30 — 40. To find the exact median, we
apply the formula 10

Median = 30 + I (10.5-9)=30+1.25

’ =31.25
Mode: Mode is the value which occurs most
frequently.
C(f.—f. )

i i—1
2f. —f.
i i—1
is the modal class, f; is the maximum frequency
and C is the constant difference for each class.

Example: Find the mode for the following distri-
bution.

Median =a + , where (a — b)

‘“fi+l

0-10 10-20 20-30° 30-40
Frequency 5 9 8 12

Class interval

Class interval 40-50 50-60 60-70 70-80
Frequency i 28 20 12 11

Solution: Maximum frequency = 28
~.modal class = 40 - 50

Mode = a + ity

ode=a
2= f i
— 40+ 10(28—12)

(2%x28)—-12-20

= 40 + 6.666 = 46.67
Example : The expenditure of 100 families is giv-
en in the following frequency table.

Monthly Expenditure 0-10 10-20
(in hundreds of rupees)
No. of families . 14 ?
20-30 3040 40 - 50
27 ? 15

If the mode for the distribution is 24, calculate the
missing frequencies.

Solution: Let the missing frequencies for the
classes 10 — 20 and 30 - 40 be f, and f, respec-

tively.

@ Brilliant Tutorials Pvt. Ltd.
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Expenditure No. of Cumulative frequency
families :

0-10 14 14

10 -20 fy 14 +f;

20-30 27 41+fy

20 -30 f 414+

40 - 50 15 56+f+1,

N=100=56+f +f,

f,+f,=100—-56=44 (D
Mode is given to be 24, which lies in the class
20 — 30. So 20 — 30 is the modal class.

C(fi_fi~l)

Mode =a +
26 -1 i
10(27-f))
24 =20+
(2X27)—fl—-f2
270 - 10f, 270 — 10f,
4—-20= i
24-20 54 — f, - f, 54 — 44
(v f, +f,=44)
o f=23

Substituting in (1), we get f,=21.

Note: For a symmetrical distribution, Mean =
Median = Mode and for a moderately asymmetri-
cal distribution, Mode = 3 Median — 2 Mean or
Mean — Mode = 3 (Mean — Median)
Geometric Mean (G)

' ' 1/

G=} X Xy X = (X Xy 0 X )

and for a frequency distrib}ltion

n
where N = Z f .

i=1
and for both the cases, taking logarithms, we get

n
fog G=rll 3 logl(x,)

i=1

GATE

and for a frequency distribution,

Note 1: If n; and n, are the sizes and G; and G,

are the geometric means of two series, then G, the
geometric mean of the combined series is given by

n logG, +n,log G

logG = 2 (prove)

n, +n,
Note 2: Geometric mean is used to find the rate of
population growth and the rate of interest and it is
also used in the construction of index numbers.
Harmonic Mean (H): Harmonic mean is the recip-
rocal of mean of reciprocals. That is,

n
IS IS
i=1
and for a frequency distribution,
1 n
H=1+|5 2 (f/x)

i=1

n
where N= Z f;

Skewness: Skewnless1 is defined as lack of sym-
metry.

(mean —mode)
standard deviation .

Coefficient of skewness =

A\

Negatively skewed

* Brilliant Tutorials Pvt. Ltd.
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Vv

Positively skewed

2.2 DISPERSION

Measures Of Dispersion

~The set of constants which would, in a concise
way explain the “variability” or “spread” in a data
is known as “measures of dispersion or variabili-
ty”. The average for two groups of the same num-
ber of measurements may be equal, but one group
may be more variable than the other. For example,
the set of five values 5, 6, 7, 8, 9 has the mean as 7;
while another set of five values 1, 6, 4, 10, 14 also
has the same mean 7. The second set has, obvious-
ly more variability than the first.

Usually four measures of dispersion or
variability are defined. They are (1) Range,
(2) Quartile deviation, (3) Average deviation and
(4) Standard deviation. ‘

Range: This is the difference between the two ex-
treme observations in the data given. In the first
set of values above, the Range R =9 = 5 = 4 units,
while in the second it is 14 — 1 = 13 units.

In a frequency distribution, R = (the largest x val-
ue) — (the smallest x value).

Obviously, this is not a very satisfactory mea-

sure except in cases where the number of observa-
tions are small and a'quick calculation for the
scatter is needed. It is used in statistical quality
control studies rather widely.
Quartile Deviation: We know that the median bi-
sects the distribution. If we divide the distribution,
into four parts, we get what are called quartiles, Qy,
Q, = median and Q;. The first quartile Q,, would
have 25 per cent of the values below it and the rest
above it; the third quartile would have 75 per cent
of values below it and the rest above it. The
method of calculation of quartiles is similar to that
of the median with slight variations.

17

The formulae are:

N_,
4 To
Q=¢+—Txc;
31:—40
3
Q=+ ——xc

where we locate the Q; — class and Q; — class
properly,
(= lower limit of the quartile class

C = common factor
Quartile deviation Q.D. is defined as

1 .
QD.=3(Q;-Q))

Average deviation: If the average chosen is A
(say), then the average deviation about A is
A.D.(A), where

AD.(A) = 111 . I(x, ~ A)|for discrete data

1 )
=N > f1x, = Alfor a frequency
distribution.
Usually, we take either the median or the mean
as the average.

Standard deviation (Robt mean square devia-

 tion): The standard deviation & is defined by

1 ¢ _2
c= 1/ n Z (Xi —X) for discrete data

2
[ s

distribution.
The square of the standard deviation, o2, is de--
fined as the variance (V). Thus :

2 2
V=0 :%Z f.(x,—X)
In recent literature, variance is used more ex-
tensively than the standard deviation.
Out of these measures, the last, o, is widely
used — as a companion to X on which it is based,
when dealing with dispersion or scatter.

& Brilliant Tutorials Pvt. Ltd.
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Formula for calculating V or ¢

Y f(x - %)

Put xi=A+diC

1
We know V = N

‘ f.d.

ThenX = A + (#I\%J A + BC (say)

> f.d.
N .

1 2
=ﬁz f,[C(dl—'B)]

where B =

_CZZ oY) 2
=X f.[d — 2B-d; + B’

, | ,
-SIXfd -2 (T h4) + BTE A

But ) f.=Nand ) f,d,=NB
2
. __C 2 2
LV=% [2.f,d, — 2B NB + B - N
2
C 2 2
= N"[Z f.-di = N-B']

Z

.—_% > - d prodiit B8 Y
2
fd f.d.
Thus,V= ZN‘ Lo (ZN‘ il xc?

A few results of importance are:

1. The average deviation is least when taken from
the median.

2. The standard deviation is not less than the av-
erage deviation from the mean.

3.For raw data xy, X, ..., X,

Vz_z_xi_(_z_:g)z
or V= Zx % »

X

GATE

4.1f n;, n, are the sizes of two groups; 7_(| iz
their means; and o}, 0, their standard

deviations, then o, the standard deviation of the
combined group is determined from the follow-
ing result. :

2 2 2 2 2
(nl+n2)<>'-=nl(<rl +d1)+ n2(02+d2)

Whered, =Xx—X, and d,=X — X,,X being
the oombmed mean. !I‘hls result can be extended to
more than two groups.

Coefficients of dispersion: When two series of
measurements have to be compared, we face the
situation that the averages might also be different
and the units in which the measurements are
recorded may also be different. Hence, coeffi-
cients of dispersion are divided as given below.
Each of them is free from units of measurement
and is a pure number.
Range
" A+B
smallest of the values.

Q3+Q,

, where A is the largest and B is the

3 Average deviation about A
' A

4. Zx100
X

(C.V).

Thus coefficient of variation is a percentage.
Example: Compute the mean, median, mean devi
ation about mean, mean deviation about median,
standard deviation, quartile deviation and coeffi
cient of variation for the following data.

, called the coefficient of variation

Marks No. of Students
- 10 10

10-20 : 15

20-30 25

30-40 25

40-5 10

50 - 60 ‘ 10

60 - 70 5

% Brilliant Tutorials Pvt. Ltd.
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From the Table (see next page), we get

40
10f — 22
Mean=35+ O( 100) 31

N
| 2 fm
Median=( + —F
50 - 50
=30+ =
3 55 30 Z
fa. -
Mean deviation about Mean = 1001 = -%)%Q
=13
fb.
Mean deviation about Median = =1 — 1300
100 100
=13
2 2
o Zfid. 2fd |
Standard deviation = LI 5 %10
270 2
100 - (—0.4)x10
=10\/2.5' =10X%1.594
=1594
To compute Quartile deviation, we find
N .
——f
.y 4 Q c
Q,=(+ —5 X
=20 25 =25 x 10=20
5
3%{ ~f
- 3
Q=10+ ; X C
—40 + -7—5117—5- X 10 = 40
g quartﬂile deviation
(Q3 Q]) (40 -20)=10

Coefficient of variation :—§49~X 100 -
Mean

= 1-»53—19&100 51.42%

19

2.3 ELEMENTS OF PROBABILITY
Experiment: An experiment is a process in which
a certain work is repeated under the same condi-
tions, the outcomes (or results) of which need not
be the same. For instance; tossing a coin or rolling a
die are experiments (A die is a cube with
1,2,3,4,5, 6 dots marked on its six faces).

Sample space: The set S of all possible outcomes
of a given experiment is called the sample space
for the experiment. An outcome, an element of S,
is called a sample point. For the experiment of toss-

ving a fair (or unbiased) coin, the sample space

= {H, T} where H, T refer to head, tail respec-
tlvely

Event: A subset of the sample space S is called an
event. The set {a} consisting of a single sample
point a in S is called an elementary event. Since
the empty set ¢ and S are always subsets of S, they
are also events. ¢ is called the impossible event or
null event; S is called the sure or certain event.

Given two events A, B we can form new events
using the set operations of union, mtersectlon ‘and
complementation.

(i) A U B is the event that -occurs if and
only if A occurs or B occurs (or both).

(i) A N B is the event that occurs if and
only if both A and B occur.

(iii) A°or A, the complement of A, is the event
that occurs if and only if A does not occur.

Mutually Exclusive Events: Two events A and B
are said to be mutually exclusive if and only
if they cannot occur simultaneously, that is, if
ANB=¢.

~ Three or more events are called mutually ex-
clusive, if every two of them are mutually exclu-
sive.
Example: Consider the experiment of rolling a
fair die. Then S = {1, 2, 3, 4, 5, 6}.

~ Let A = event that an odd number appears
={1,3,5} '
B = event that an even number appears = {2, 4, 6}
C = event that a prime number appears = {2, 3, 5}

Then A and B are mutually exclusive events

since A " B = ¢ whereas A and C are not mutual-
ly exclusive as AN C = {3, 5} # ¢.

& Brilliant Tutorials Pvt. Ltd.
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Problem: Find the total number of possible events
that can occur for an experiment.
Solution: Let the sample space S consist of n sam-
ple points. Then the total number of possible
events = the total number of subsets of S = [P(S)|,
where P(S) is the power set of S = 2n,
Problem: A, B, C are three events. Draw Venn di-
agrams for the following events:

(i) Only A occurs (ii) A and B occur but C

does not occur

(iv) Simultaneous occur-
) rence of A, B, C
(v) A, B and C are mutually exclusive.
Solution

o A B (i) 2 B

(iii) None occurs

AnBnC

ANB=¢,BNC=¢,CNnA=¢

Problem: In an experiment, a fair coin is tossed 4
times. Describe the sample space.

Solution: The sample space S consists of
16 (= 24) sample points.

21

S = {HHHH, HHHT, HHTH, HTHH, THHH,

HHTT, HTTH, TTHH, THTH, HTHT,

THHT, HTTT, THTT, TTHT, TTTH,

TTTT}
Finite sample space: A sample space § is said to
be a finite sample space, if S is a finite set.
Finite probability space: Let S = {a;, a,, ..., a,}
be a finite sample space. S is said to be a finite
probability space or probability model, if each
sample point a; in S we can assign a real number
p;, called the probability of a; such that

(i) p; 2 0, for each i
() p; +pp+ ... +py =1
If A is an event, then the probability of A, de-

noted by P(A), is the sum of the probabilities of
the sample points in A. For the elementary event
{a;}, we write P(a;) instead of P({a;}).
Equiprobable space: A finite probability space S
in which each sample point has the same probabik
ity is called an equiprobable space.

——If E is an event, then

p(E) = Dumber of elements in E
number of elements in S
_ [l
N
_ number of outcomes favourable to E
~ total number of possible outcomes
Note 1: We use the word “at random” only when
dealing with an equiprobable space. By the state-
ment, “a ball is drawn at random from a bag con-
taining 10 balls” we mean that each ball in the bag
has the same probability of being chosen.
Note 2: If p = probability of happening of an
event E = P(E) and q = probability of not happen-

ingof E=P(E) thenp+q=1,

= _|E|l _[S|-|E
forq=P(E)=|'S|'_=l'I|S",'|
|E|
=1-=_q_
sl P
Lptq=1

‘Note 3: Properties of probability: Let C be the

family of all events in a finite probability space S.
Then the probability function P defined on C
satisfies
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) o<P

) P(s)=1

(A ) <1, for every event A

GIC)

(
(
(
thenP(AUB)=P(A)+P(B)
Problem For any two events A, B prove that
@ P(A)=1-P(a)
(®) P(o)=0
(¢) P(A-B)=P(A)-P(ANB)
ie,P(ANB)=P(A)-P(ANB)
(d) AcB=>P(A)<P(B)
() P(AUB)=P(A)+P(B)-P(ANB)

(Addition Principle)
Solution

(a) AUA= sand(AnA =¢
_ ~.by(P,) and (By),
- 1=P(S)=P(AUA)= P(A)+ p(A)
orP(A)=1-P(A)

() Audp=AandAnd=¢
~by(P3),P(A)=P(AL¢) =P(A)+P(¢)
orP(¢)=0

(¢) (A-B)U(ANB)=Aand
(A-B)n(ANB)=¢
~by(P3),

=P[(A-B)u(ANB)]
=P(A-B)+P(ANB)
orP(A-B)=P(A)-P(ANB)
' (d AcB=>AuU(B-A)=Band
AN(B-A)=9
~by (P),P(B)=P[AU(B-A)]
=P(A)+P(B-A)
By(P,),P(B-A)=0
~P(A)<P(B)
() AUB=(A-B)uUBand
(A-B)nB=¢

P3) If A, B are mutually exclusive events,

~by(P3),

P(AUB)=P[(A-B)UB]
=P(A-B)+P(B)
=P(A)-P(ANB)+P(B)by(c)
=P(A)+P(B)-P(ANB).

A B

Problem: For any n events Aq,A,,....
that

,A, prove

P(A|NA;N..NAL) 2 > P(A;)=(n-1)
i=l
Solution: Proof is by induction on n.

Let P, be the statement.

P(A;NA,N...nA,) 2 3 P(A;)—(n—1)
i=1

When n =1, P (1) is obvious since both sides
become equal to P(A,).

When n=2,LHS=P(A;NA,)

=P(A))+P(A;)-P(AVAy)
(by addition principle)
>P(A;)+P(A,)-1

(- P(AUA,) <1
=P(A;)+P(A,)-(2-1) e (1)
~P(2)is true. »
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Assume that P(k) is true. That is,
k

NAY2 Y PA)-(k-1)
i=1 (2)
Now, P(A]mA,zn ...... NA

=P[(A]mA2n~-nAk)nA

PA, N A, A ..

ki)
ZP[(A NnA n--~nAk)+P(Ak+l)—(2—1)}

ZP

i=1
ki+1

ZP

This shows that P(k + 1) is true.
Thus, by induction, P(n) is true for all n.
Problem: Show that

k=1)+P(A, )= 1 by (2)

(k+1)—1)

2. P(A)

i=1

P(A]quu...uAn)s

Solution: Proof is by induction on n (left as an ex-
ercise).

Conditional Probability: Let E be an event in a
sample space S with P(E) > 0. Suppose an event
A occurs after the occurrence of E. Then the con-
ditional probability of A given E, denoted by

(AmE).

P(A[E), is given by P (A[E) =— SiE}

AnE~—]

Conditional Event
We can say that P(A|E) represents the probabil-
ity of A with respect to the reduced sample space
E. When S is an equiprobable space,

=|AOE| - _ |E|
P(ANE) gy , P(E) S|
PIANE|_|ANE]|

So, P(AJE) = - PIE| = IE|

_ number of elements in Ain E
number of elements N E

23

Note: P(A|E)-P(E)=P(ANE)is known as
Multiplication Theorem for conditional probabili-

ty.

Problem : Let A and B be events with

alw

P(A)-~ P(B) = % ‘and P(A U B) =

Find P(A|B) and P(B|A).
Solution '

%=P(AuB)=P(A)+P(B)——P(AnB)

3.5
8+8-—P(Ar\B)
.-.P(AmB)=}1
1
P(A 4
‘P(A}B)=~(—Pz%)~=%=§ and
8
1
P(BNA) 4 2
P (B|A) = —P(T)*-g*—g

Problem: Suppose a pair of fair dice is rolled. If
the sum is 6, what is the probability that one die
shows a 2?

Solution

The sample space S consists of 6 x 6 = 36 sample
points ((1, 1), (1, 2), ... (6, 5), (6, 6)).

E=sumis 6 = {(1, 5), (2,4), (3,3), (4, 2), (5, 1)}
A =2 appears on at least one die

=12, 1),2,2),(2,3),(2,4),(2,5),(2,6),(1,2),
(3,2),(4,2),(5,2), (6, 2)}.

Also ANE={(2,4), (4, 2)}

5
Thus P(E) = 55 , P(A) = 3 6 P(ANE) =
. required probability = P(A[E) =" %%E)
2
_36_2
5 5
36

Independent Events: Events A and B in the space
S are said to be independent if the occurrence of
one of them does not influence the occurrence of
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the other; that is, B is independent of A if .

P(BJ|A) = P(B).
-. by using this in the multiplication theorem for
conditional probability, we get
P(A N B)=P(A)- P(B|A) =P (A) P(B)
Thus events A and B are independent if
P(ANB)=P(A)-P(B)
Problem: Two research scholars A and B work
independently on a problem. The probability that

A will solve it is g and the probability that B

3_ What is the probability that
4

the problem will be solved”
Solution: Given P(A) = probability of A solvmg

will solve it is

the problem = Since A and

3 and P(B) =3 ;

S 4 :

B work independently the two events are indepen-

dent. 3 9

B)y== X = = —

~PANB)=PA)xPB)=7 X 7 20
Probability that the problem will be solved
=P (AUB) =P(A)+P(B)—-P(AmB)

3,3 9

8 57 4 20 10'

Problem : A box contains 3 white balls and 2
green balls. Three persons A, B, C in that order
draw a ball which is not replaced. The first to
draw a white ball is the winner. Find their respec-
tive probabilities of success.

Solution: Probabllxty that A draws a white ball

5
Probability that A fails to draw a white ball

=1-2=

wiw

2
5

When A fails to draw a white ball, B gets his
chance. ;
.. probability for B drawing a white ball
= probability that A fails to draw a white ball x
probability that B draws a white ball
_2.3_3
5 >< T 10

.. probability that B fails to dréw a white ball

GATE
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“1 07 10
When B fails, C gets his chance.
.. probability that C draws a white ball
= probability that A fails X probability that B
fails X probability that C draws a white ball
2 7 5% 3 _7

5 10 3 25

Thus the respective probabilities of success are
33 7
5710725
Problem: If A and B are independent events
prove that
(a) A and Bare independent
(b) Aand Bare independent.
Solution: A, B independent
= P(A N B) =P(A) x P(B) (1)
(a) P(ANB)=P(A-B)=P(A)-P(ANB)
' =P(A)—P(A)XP(B)
(by (1)) |
=P(A) [1 - P(B)]
=P(A)x P(B)
. A and B are independent.
(b) (ANB)=P(AUB)
=1-P(AUB)
=1-[P(A)+PB)-P(AnB)]
(by addition principle)
=1-[P(A) + P(B) - P(A) x P(B)] (by (1))
=1-P(A)-P(B) + P(A) x P(B)
=[1-P(A)][1 - P(B)]
= P(A) X P(B)
. A and B are independent.
Problem: Prove that
P(A U B|C) =P (A|C) + P(B|C)-P (AN BIC)
Solution: -
P(AUB)NC)=P(AnC)uBnNC)
=PXuUY)
where X=ANC, Y=BnNC
=P(X) + P(Y) - P(X NY)
=P(ANC)+PBNC)
-P(ANC)n(BnNQC))
=P(ANC)+PBNC)
-P(ANnBNC)
Divide both sides by P(C) ( *.© P(C) > 0). Then
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P((AUB)NC) _P(ANC) , P(BNC)
P(C) P(C) P(C)
P(ANBNC)
P(C)
or P(GAUB|C) =P (A[C) + P(B|C) - P (A N B[C)
Problem: Show that
P(ANB|C)+P(ANB|C)=P(A|C)
Solution . _
(ANBNC)N(ANBNC)=ANCN(BNB)
=ANCNo=1¢ (1)
ie,ANBNC and ANBNC are mutually
exclusive s
Now, P(ANBI|C)+P(ANBIC)
_P(ANBNC)  P(ANBNC)
P(C) P(C)
P(ANBNC)+P(ANBNC)
C
U

P(
P[(ANBNC)

)

[(AnBNC)U(ANBNC)]

P(C) ‘

on using (1)
_P[(AnC)n(BUB)]

P(C)
_P[(ANC)NS] _P(ANC)
- P(C) ~ P(C)

=P (A[C)

Mutual Independence: Let { E, : k is a positive
integer} be a collection of events. These events
are said to be mutually independent if for each

finite non-empty subset (E,E,,....E_]

P(E,NE,N..NE )=P(E,) P(E,)..P(E )

Pairwise independence: Let {E, : k is a positive
integer} be a collection of events. These events are
said to be pairwise independent if

' P(EiﬂEj)=P(Ei) . P(Ej)forall 1#].
Problem: If A, B, C are mutually independent,
then show that A U B and C are independent.
Solution: A, B, C are mutually independent.

= P(A N B) = P(A) P(B)

P(B N C)=P(B) P(C)

i

25

P(ANn C)=P(A) P(C) and
P(ANB N C)=P(A) P(B) P(C) (D)
Now, P(AUB)NC]=P[(AnC)u (BN C(C)]
=PANC)+PBNC)-P(ANCNBNCO)
=P(AnC)+PBNC)-P(ANBNC)
=P(A) P(C) + P(B) P(C) - P(A) P(B) P(C)
‘ (on using (1))
=P(C) [P(A) + P(B) - P(A) P(B)]
=P(C) [P(A) +P(B) - P(A n B)] by (1)
=P(C) P(AuU B)
~. A U B and C are independent.
Problem: A, B, C are random events in a sample
space. If A, B, C are pairwise independent and A
is independent of B U C show that A, B and C are
mutually independent.
Solution: A, B, C are pairwise independent.

. P (AN B)=P(A) P(B)
P (B N C) = P(B) P(C) (1)
P (AN C)=P(A) P(C)

A is independent of BU C

~PIANnBUCO)]=PA)-P(BUC(C) ..(2)

To prove A, B, C are mutually independent. In
view of results (1) it is enough to prove that

P(AnBnC)=P(A) P(B) P(C).

Now P[[ANn (BUC)] =P[(ANB)U(AnCQC)]
=P(AnB)+P(ANCQO)
-P(ANnBNANCQC)
=P(ANB)+P(ANC)
-P(ANnBNC)
ie., P(A)P(Bu C) =P(A) P(B) + P(A) P(C) -
P(ANnBNC)(by(1)and (2))
orP(AnBn C)=P(A) [P(B) +P(C)- P(B U C)]

=P(A) [P(B) + P(C) - P(B) - P(C) + P(B n C)]

=P(A) P(B n C) =P(A) P(B) P(C)

Thus A, B, C are mutually independent.
Possible Event: An event E is said to be a possi-
ble event, if P(E) > 0.

Problem : Prove or disprove:
(a) Possible independent events are mutually
exclusive. '
(b) Possible mutually exclusive events are
independent.
Solution: We disprove both statements.
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(a) Let A, B be possible independent events.
Then P(A) >0, P(B) > 0 and PAN B) =
P(A) P(B).
“P(ANnB)20andsoAnB=#¢die,
A, B are not mutually exclusive.
(b) Let A, B be possible mutually exclusive
events.
“Then P(A)>0,P(B)>0and An B =¢.
- P(A nB)=P(9) =0 = P(A) P(B). Thus
‘A, B are not independent.
Problem: Box A contains three balls with colours
‘red, green and blue. Box B contains five balls with
colours red, yellow, blue, white and brown. A box
is chosen and a ball is drawn. What is the proba
bility that the ball drawn is (i) brown (ii) green or
blue and (iii) red or blue?

Solution: The event of choosing a ball occurs

only after choosing a box. 1
Probability of choosing any one box = 2

(i) A brown ball can be drawn only from
box B.
*. P (brown) = Probablhty of choosmg box
B x probability of drawing a brown ball
L 11
275 10
(ii) Box A contains green and blue balls
whereas Box B contains no green ball
.. P (green or blue)
=P (green or blue from box A)

+ P (green or blue from box B) _

2 1. 1_13

T2 X372 %s
(iii) Both boxes contain red and blue balls.
. P(red or blue) = L X 2 +Lx 2_8
3 2200 5015

Problem : Box [ has 10 light bulbs of which 3 are
defective; Box Il has 6 light bulbs of which 2 are
defective; Box III has 8 light bulbs of which 5 are
defective. A box is chosen at random and a bulb is
drawn at random. (i) What is the probability that
the bulb drawn is defective? (ii) What is the prob-
ability that the defective bulb was from Box I?
Solution: We solve the problem using a tree dia-
gram; D and N stand for defective and non-defec-
tive cases. The various probabilities are marked on
the branches of the tree.

GATE

By following the branches,

(i) P(D) = Probability of a defective bulb
1 3001 2 1 5
3% 10737673 s

_1 % 302 _ 302
3 240 720
(ii) Probability that the defective bulb was
from box I
= P(A|D) (where A is the event of choosing
box I)
_P(AND)
~ P(D)
1 3

_.xﬁ
_3 10
302
720

[~ A n D =defective from box I
1 3

=P(AND)=- x =

( ) "RaRTY.

72

302
Problem: Let p be the probability that a man aged
y years will meet with an accident in a year. What
is the probability that a man among n men all aged
y years will meet with an accident first?
Solution: Probability that a man aged y years will
not meet with an accident = 1 — p. .. given n men,

P(none meets with an accident)
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=(1-p)(1=p)....(1-p)

n times
=(1-pn
. P(atleast one man meets with an accident)
=1-(1-pp

So, P (atleast one man meets with an acci-
dent|a person is chosen)
1 n
=;X[1“(1—p)]
Problem: A box contains 4 white, 3 blue and 5
green balls. Four balls are chosen. What is the
probability that all three colours are represented?
Solution: Total number of balls in the box is 12.

- the total number of ways in which 4 balls
can be chosen
2 12 X 11 X 10X 9

T taT Ix3ixaxi1 O™
Each colour will be represented in the follow-

ing mutually exclusive ways:

White Blue Green
(i) 2 1 1
(ii) 1 2 1
(iii) 1 1 2

- number of ways of drawing four balls in the
above fashion

A 3 S 4o 3 LS
= CZX CIX Cl + ClX C2X Cl
+4c, %’ ¢, x°C,=90+60+120=270

So, the required probability= 42{;—(5)

Problem: Three people are present in a room.
What is the probability that the birth dates of at
least two will fall on the same day of the month?
(Assume 30 days for a month).

Solution: Since the birth date of any person can
fall on anyone of the 30 days the exhaustive num-
ber of cases for the birth dates of 3 persons

=30%30x30=30.

If the birth dates of all the 3 persons fall on dif:
ferent dates, then the number of favourable cases is
30 (30 — 1) (30 - 2) = 30 x 29 x 28. For, the birth
date of the first person can fall on anyone of 30

days, the birth date of the second person on any-
one of the remaining 29 days and the birth date of

27

the third person on anyone of the remaining 28
days.
~. p = probability that birth dates of the 3
persons are different
30 X 29 x 28 _ 29 x 28

3
30 30°

- [ - 5) (1 - %)

So, the required probability that at least two
persons will have the same birth date

=1_p=1(1—§15)("'323)'

Problem: A box has 3 blue and § black colour
balls. One ball is drawn and kept aside without
noting its colour. Then another ball is drawn. Find
the probability that it is blue.

Solution '

4/7

2 5 3
—_— _x_
7+8 7

Required probability = = X

1

oW oW

Law of Total Probability: Let B, B,, ...... iBibe

mutually exclusive and let an event A occur only
if anyone of B; occurs. Then

n
P(A) = ) P(A[B,) P(B)
i=1
Baye's Theorem: Let E|, E,, ...... , E; be mutually
exclusive events such that P(E;) > 0 for each i.
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n d
Then for any event A & LIJEi such that P(A) > 0,
we have

: P(A‘Ei)P(Ei)
P(EiiA)= . A=1,2, . ,n
2. P(A[E,)P(E)
1=1
Proof: We know
: P(EinA)
P(Ei|A)=—~—~——-——~ (D)

P(A)
By the law of total probability
n
P(A)= Y, P(A|E)P(E) (2)

i=1

. from (1) and (2),

P(E,NA)
P(E|A) = — e
2. P(A[E)P(E))
i=1
: P(ANE)) P(EiﬂA)
AlsoP(A |E,) = P(El) = P(Ei)”
. P(A[E)) P(E)) = P(E; N A)
Using this result in (1),
P(A[E)P(E,)

P(E.|A) =

1 n

2. P(AJE)P(E)

i=1

Problem: Three urns A, B and C have 1 white,
2 black, 3 red balls; 2 white, 1 black, 1 red ball
and 4 white, 5 black, 3 red balls respectively. One
urn is chosen at random and two balls are drawn.
They happen to be white and red balls. What is the
probability that they came from urn B?

Solution: LetE ,E, and E, be the events of choos-
ing urns A, B and C respectively. Then

P(E,)=P(E,)=P(E})=% Ly

GATE

Let X be the event of choosing two balls, white
and red. To find P(E|X).
By Baye's Theorem,
P(EZ}X) =
P(X|E,) P(E,) 5
P(X|E,) P(E,) + P(X|E,) P(E,) + P(X[E,) P(E,)

P(X|E,) : (Gnistiatin)
2 - onusin
P(X[E)) + P(X[E,) + P(X[E;) =
B
<> S
w w 4W 5B
5c, ic, 3R /12¢
1 3
‘ C1 X Cl 1
Now P(X|E)) = — =5
C 5
) .
2 1
CI X CI 1
P(XlEz) = =3 and
CZ
3
C, x C 2
P(X[E;) = —‘a“c“—— g
2
1
. 3 55
Lby (2),PENX) =7 1 T T s
— 4 = T
5 3 11 ;

Problem: Three machines A, B, C produce r
spectively 40%, 35%, 25% of the total number of
items of a factory. The percentages of defective
output of these machines are 2%, 3%, 4%.

(i) If an item is selected at random, find the
probability that the item is defective.

(ii) Suppose an item is selected at random
and is found to be defective. Find the
probability that the item was produced
by machine A.

Solution: Let X be the event of an item being
defective.
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D - defective
ND - nondefective

© L P(X)=0.4x0.02 +0.35x0.03 +0.25 X
0.04
=0.0285.
(ii) By Baye's Theorem,
04 X 0.02 16
FhAl 0.0285 57
Bernouilli Trials: Independent repeated trials of an
experiment with two outcomes only are called
Bernouilli trials, named after Jacob Bernouilli.
Call one of the outcomes success and the other
outcome failure.
Let p = probability of success in a Bernouilli trial
q = probability of failure =1 —p.

A binomial experiment consisting of a fixed
number n of trials is denoted by B(n, p). The prob-
ability of r success in the experiment B(n, p) is
given by

n r_n—r
P(r)="C pq .

The function P(r) forr =0, 1, 2, ....... , n for
B(n, p) is called the binomial distribution.
Problem: Assuming that the ratio of male chik

dren is é— , find the probability that in a family

of 7 children
(i) all children will be of the same sex;
(ii) the four oldest children will be girls and
the youngest will be boys.
Solution :
(i) All the 7 children can be either boys or
girls. Number of favourable ways = 2.

29

Total number of ways = 27
2 1

. required probability = 27 T ‘
(if) Out of 7 children 4 can be girls in
. 7C4 =35 ways,
.. probability that the four oldest children
. . 1
Il be girls =
will be girls = -

Problem: If four coins are tossed, find the chance
that there should be two heads and two tails.

Solution: p = probability of a head = % :

q = probability of a tail = 1 —p =

0=

. probability of getting 2 heads (and 2 tails)
when four coins are tossed

2 2
- 1 1
=P(2)=*C,p’q* 2= 6><(—2-) X(E)
3

8

Random Variable: A random variable X is a
rule which assigns a numerical value to each out
come in a sample space S. If Ry is the set of num-

bers assigned by X, then Ry is called the range

space.
Let X be a random variable. Then
(a) the function F(x) = P(X £ x) is called the
distribution function of X.
(b) Mean or Expectation of X = 1 = E(X)

=X(al)P(al)+ ......... +X(an)P(a )

n
= Z X(ai)P(ai), where S is the

i=1
probability space {a,a,,.....,a
(¢) Variance of X = Var(X) =02
= E(X2) - [E(X)]? and standard devia-
tion of X = 0. ’
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Problem: Find the expectation of the number of
points when a fair die is rolled.
Solution: Let X be the random variable showing -
the number of points.

‘ThenX=1,2,3,4,5,6

a; P(X=2a)=P(a) Product

2 C ;

3 6 §

4 6 ;

5 s 6

6 ; 2
E(x)=2l=7

. 7
. expectation = ~2—

Problem: A player tosses 2 fair coins. He wins
- Rs. 5 if 2 heads occur and Rs. 2 if 1 head occurs
and Re. 1 if no heads occur. Find his expected
winnings.
Solution: S = {HH, HT, TH, TT}
1 1 1
P(2 heads) = P(HH) 5 X 5 )
P(1 head) = P(HT) + P(TH)
1 1 1 1
= — X — . —
2 2 * 2 % 2
1 1 1
P(no head) =P(TT) == X — = —
P(no head) = P(TT) = X ~ =
Let X be the random variable showing earning. -
Then X =5,2,1

o —

GATE

a; P(ay) Product
5 1 s
4 4
2 1 1
2 .
I 1 1
4 4

5

E(X)= 2

.. expected earnings of the player = Rs. 2.50.
Problem: What is the expectation of the number
of failures preceding the first success in an infinite
series of independent trials with constant probabil
ity of success p in each trial?

Solution: p = probability of success

. q = probability of failure = 1~ p

Let X be the random variable representing the
number of failures preceding the first success.
Since an infinite series of independent trials are
conducted, X =0, 1, 2, .....

P(X = x) = probability that there are x failures
preceding the first success

=qp(1~-q) [ (1-q) *=142q
+3q2 + ..., by Binomial Theorem]

- 9 _9p_¢q
2 2
(1-q) p~ P
Problem: The Bernouilli probability law with pa-
rameter p in which 0 £ p < 1 is defined by a ran-
dom variable X taking the value 1 with probability

p and the value O with probability q. Find the.
mean and variance of X.
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Solution
a; P/(ai) Product
1 P p
0 q 0
EX)=p
- mean = E(X) =p.
Now, to find Var(X):
a; a2 P(a;) Product
i 2
' a, X P(ai)
1 1 p p
0 0 q 0

E(X?)=p

* Var(X)=E(X*)-[E(X)=p-p
=p(1-p)=pq.
Note: Suppose a value x; is repeated f; times.
Then f; is called the frequency or absolute fre-

quency.
Let N = sum of all frequencies f.

Then ! is called the relative frequency,

N
1i=1,2, i, , .
Sum of all relative frequencies
N E T N
_ TR Y e +f
N
N
N B

Problem: Find the mean, sample variance and

standard deviation of the sample 1, 3,6, 5, 10.

1+3+6+5+10 _
5

n
Sample variance = —— - (x.—X%)
n—biop
(formula)

Solution: Mean, x = 5

31

Bl A=

v

(x,—5)*(" n=5)

i

1 .
[(1-5)%+(3=5)%+(6—5)°

1

+(5-5)%+(10-5)?]
=%[42+22+ 124+0%+5%]=11.5
Standard deviation, c=v11.5

OBJECTIVE QUESTIONS

. The measure of central tendency based on all

observations is
(A) arithmetic mean  (B) geometric mean
(C) median (D) mode

. The algebraic sum of the deviations of a set

of values from their arithmetic mean is
(A) positive (B) zero
(C) negative (D) indeterminate

. The probability of drawing one white ball

from a box having 3 black, 4 white and 2 red
balls is

1 2

@) ®)5
“ 3 4
© @)

. When a fair coin is tossed four times the sample

space consists of n sample points where n is
A2 (B) 4
(O (D) 16

. Which of the following statements is true?

v

(A) Geometric mean > Harmonic mean
Arithmetic mean

(B) Harmonic mean > Geometric mean
Arithmetic mean

(C) Geometric mean > Arithmetic mean
Harmonic mean

(D) Arithmetic mean > Geometric mean
Harmonic mean

v

v

v

. Which of the following statements is false?

(A) Arithmetic mean > Geometric mean

(B) Geometric mean > Harmonic mean

(C) Arithmetic mean = Harmonic mean

(D) Geometric mean > Harmonic mean
Arithmetic mean

v
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10.

11.

12.

. 13.

14.

15.

v

The most stable measure of central tendency.is

(A) mode (B) median

(C) geometric mean (D) mean

To find the most selling shoe size the suitable
measure of central tendency is

(A) mode (B) median

(C) mean " (D) none of the above
If A and B are mutually exclusive events,
then

(A) P(A) < P(B)

(C) P(A) 2P(B)

If A contains B, then
(A) P(A)<P(AUB)
(B) P(A)>P (AUB)
(C)P(A)=P(AUB)
(D) P(A)#P (AUB)
A number is chosen at random among the
first 10 natural numbers. Then the probability
that the number is prime and even equals
(A)0 B) 1

1
© 7

(B) P(A) < P(B)
(D) P(A)2P(B)

(D) none of the above

If A and B are any two arbitrary events, then
(A) P(A U B) =P(A) + P(B)

(B) P(A UB)<P(A) +P(B)
(C)P(AuB)=PA)

(D) P(A U B)=P(B)

Skewness is

(A) a measure of central tendency

(B) lack of symmetry

(C) a measure of dispersion

(D) none of the above

If P(A)=0.24, P(B) =0.4 and P(A U B) = 0.2,
then

(A) A and B are mutually exclusive

(B) A and B are independent
(CO)P(ANB)=044

(D) P(A) > P(B)

IfP(A)=0.3, P(B)=0.6 and P(A LU B) = 0.85,
then :

(A) A and B are independent

(B) A and B are mutually exclusive

1
C)P(AB)= —
(©) P(AIB) = -5
(D)P(ANB)=0.5.

16.

17.

18.

19.

20.

GATE

The probability that it will rain today is 0.5.

The probability that it will rain tomorrow is

0.6. The probability that it will rain either to-

day or tomorrow is 0.7. Then the probability

that it will rain today and tomorrow is

(A) 0.3 (B)0.4

(C) 0.03 (D) none of the above

Which of the following statements is true?

(A) Baye's Theorem is also called the theo-
rem of total probability

(B) Frequency and probability mean the
same thing

(C) Mean = % (3 median — mode)
D) P(BIA) = P(B) for any two events A and B

A husband and wife appear in an interview for
two vacancies. The probability of hus band’s

o1 . L
selection is 7 and that of wife’s selection is

selection is~1— . Then the probability that only

5
one of them will be selected is
1 34
A) 7z B) -
(A) ;5 (B) 35
©) 7 (D) none of the above

Two independent events A and B are such

that P (A N B) = %,P(Xnﬁ) % and

P (A)>P (B). Then P(A) =
1
A5

1
©) 3

2
(B) 3
1
),

The probability that it will rain during the
rainy season of the year is 0.7. A person wants
to decide ‘whether or not to go out for a party
tomorrow. The conditional probability that the
rain is forecast given that it is the rainy season
is 0.85. Then the probability that it will not
rain tomorrow given that rain is forecast is

(A) 0.105 (B) 0.255

(C) 0.595 (D) none of these
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- 21,

A, B, C are three events in a sample space.
ABC stands for A m B n C. Match List I
(Description of Events) with List II (Expres-
sion) and choose the correct answer using the
codes given below the Lists.

List I List IT

A. At least one of them 1.ABCuUA BC

does not occur

UABC

~B. Exactly two of them 22.BCUCA UAB

occur

C. At least two of them 3.A UBUC

occur
D. None of them occurs 4. (AUBUC)
Codes
(A)A B C D (BA B C D
31 2 4 1 3 2 4
(C)A B C D (DA B C D
3.1 4 .2 1 3 4 2

22,

23.

24,

Five sticks of lengths 2, 4, 6, 8 and 10 feet
are given. Three of these sticks are selected at
random. The probability that the selected
sticks can form a triangle is

(A) 0.5 B)0.4

(©)0.3 (D) zero

Events A|, A,, ...... , A, are independent and

P(A) = TI——i, for 1 <i<n. Then the proba-

bility that none of these events occurs is

1

1
(C)(H+1)! (]))1_(5+1)f

The probabilities that A, B, C can solve a
432
3’79
respectively. If all of them try then the proba-

bility that the problem is solved by only one
of them is

problem in programming are

4 3

(A) 5 (B) 7
2 141

© 9 (D) 315

25.

26.

27.

28.

29.

30.

33

9 balls are drawn at random from a bag con-
taining 11 white and 9 black balls. The prob-
ability that 5 are white is

11
C, , e, x ’c,
(A) 55— B
C | 6
11 9
C, + C,
©) 0 (D) none of these
C

5
There are two bags, one of which contains 4
red and 6 green balls and the other 5 red and
4 green balls. A ball is to be drawn from one
or other of the two bags. Then the chance of
drawing a green ball is

3 2
@ 5 ®) 5
.47
©) % (D) none of these
There are three bags which are known to con-

tain 3 white and 4 red, 2 white and 3 red and
4 white and 1 red balls respectively. A bali
was drawn at random from one of the bags
and found to be a white ball. Then the chance
that it was drawn from the first bag is

5 14
(A) 19 (B) 57
28
(©) 57 (D) none of these

In a batch of 15 students, 5 students failed in
an examination. The marks of the 10 students
who passed are

40, 50, 60, 70, 80, 70, 80, 90, 90, 70.

Then the median of all the students is

(A) 75 (B) 65

(€) 60 (D) 70

The measure of central tendency most affect-
ed by extreme values is

(A) Mode B)G. M

(C) Median (D) Mean

The observations 1, 4, 5, 8, 7 have the stan-
dard deviation 2.45. Then the standard devia-
tion of 10, 40, 50, 80, 70 will be

(A) 0.245 (B) 2.45

(C) 24.5 (D) 2.45 xV10
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34

31.

32.

33.

34.

35.

ROP 64

For an observed variable x,
Tx; = 20, £x;% = 200 and n = 10.

Then the coefficient of variation (expressed
as a percentage) equals

(A) 400 (B) 200

(C) 100 D) 80

Classes A, B, C contain 30, 40 and 50 chil
dren respectively. The average ages of chil-
dren in classes A and C are equal; the aver-
age age of children in class B is 6.6 years. If
the average age of all the children in the three
classes is 7.2 years then the average age of
children in class C is

(A) 6.8 years (B) 7.0 years

(C) 7.5 years (D) 7.8 years

We are given two urns A, B. Urn A contains
3 red and 2 white marbles; B contains 2 red
and 5 white balls. An urn is chosen at ran-
dom, a marble is drawn and put into the other
urn. Then a second marble is drawn from the
second urn. The probability that both marbles
drawn are of the same colour is

901 779
(A) 1680 (B) 7630
901 779
© 22 ®) 5o,

A person draws two balls from a bag contain-
ing 3 white and 5 maroon balls. If he is to re-
ceive 10 Rs for every white ball,-he draws
and 1 Re for every maroon ball, then his ex-
pectatlon is

35
B)
53
(©) 3 (D) none of these

Five flowers are drawn, one by one from a
basket containing 6 red and 4 white flowers.
Then the odds against the event of drawing 3
red and 2 white flowers equals

10
(A) 5,

11

11
® 1

(D) none of these

36.

37.

38.

39.

40.

41.

GATE

The odds against A solving a certain problem
are 4 to 3 and the odds in favour of B solving
the same problem are 7 to 5. Then the chance
that the problem will be solved if they both
try is

5 4
(A) 21 (B) 7

5 16
©1; (D) 51

The chance of 3 marksmen of scoring a bull

at a single shot are respectively.

1
3’274
If all the three fire together, then the number
of possible events is

Al (B)3

©)6 D)8

A group of 12 persons take their seats at a
round table. Then the odds against two speci-
fied persons sitting together are

®) 3

(D) none of these

2
@ &
(C)%

A, B, C, D toss a coin in that order. The one
who gets the head first wins. Then the proba-
bility of B winning is

8
(A) |5

2
(o) P
()15

(B) —
D) -
( ) T
A box contains a white and b black balls. ¢

balls are drawn. Then the expected value of
the number of white balls drawn is

a
@, ®)

ac
©) atb (D) none of these

A box contains two coins one of which is fair
and the other two headed. One coin is chosen
at random and tossed twice. If two heads ap-
pear then the probability that the chosen coin
was two headed is
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42.

+43.

44.

45,

46.

.GATE
1 1
(A) 5 (B) 4
1 4
©) 3 (D) 5

A and B are events with P(A) = :l‘» = P(A[B)

: and P(BJA) = -;— Which one of the following

is mot correct?

(A) A and B are mutually exclusive

(B) A and B are independent

— 3
© P(A [B)=
D) P (BA)= ;

A and B are any two events in a sample space S.
If P (AN B)2P(A) + P(B) + e, then ot is

(A) -1 B)1

)0 D)2

Three houses are advertised to be let out in a
certain locality and three persons made sepa-
rate applications for a house. Then the proba-
bility that all (he three persons made applica-
tions for the same house is

)

1
3

2
®B) 4

2
© )3

A box contains 2" tickets among which *C.
g i

tickets bear the number i,i=0, 1,..., n. A set
of n tickets is drawn. Then the expectation of
the sum of their numbers is

(A) “;“ (B) mn
(C)m+n (D) none of these

Out of 20 consecutive numbers two numbers
are chosen at random Then the probability
that their sum is odd equals

10
@ 5 ®)
(©) Tg(_) ’(D) none of these

| 47,

48.

49,

50.

51.

35

Which of the following statements is false?

(A) If arithmetic mean = _S and harmonic
mean = 9, then geometric mean = 15 for
any two positive values.

(B) If A and B are independent events, then
A and B are also independent.

(C) A negative coefficient of skewness implies
that the mean is greater than the mode.

(D) If A and B are any two events, then
P(A U B) < P(A) + P(B)

‘Thirteen cards are drawn sxmultaneou::ly

from a deck of 52 cards. If aces count 1, face
cards 10 and others count by their denomma—
tions then the expectation of the total score
on 13 cards is

1 .45
(A) 13 (B) 13

40 85
<) 13 (D) 13

In a multiple-choice test a candidate either
knows the correct answer with probability p
or guesses with probability 1 — p. The proba-
bitity of answering a question correctly is one

if he knows the answer and , if he merely

guesses. If o candidate answers a question
correctly then the probability that he really
knows the answer is

._.._.__nlL_
()1+mp ® ('—-l)p
c m-1)p D (mwl)p
¢ )1+(m——1)p ®) 1+ mp

Given the information that. in a family with
two children that at least one of the two is a
boy, the probability that both are boys is

@ 3 ®)
(©) ; (D) none of these
From integers 1 to 40 (both inclusive) one in-
teger is chosen at random. Then the probabil
ity that it is divisible by exther Sor4i is

(A) E (B) T

) :

3
© 3 5
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KEY ‘

1.L(A) 2.(B) 3. (D 4. (D)
5.0) 6D 7. (M 8 (A
9.(B) 10. (C) 1L (C) 12.(B)
13.B) 14 (C) 15 (C) 16. (B)
17. (C) 18. (C) 19. (A) 20. (B)
3. (A) 22.(C) 23.(B) 24. (D)
25 (B)  26. (C) 27.(A) 28 (O)
29. @) 30. (C) 3L (B) 32 (O
33.(A)  34. (B) 35 (B) 36. (D)
¥7. (©) 38 (B) 39. (B) 40. (O)
41. (D) 42. (A) 43. (A) 44 (A)
45. (A) 46. (B) 47. (C) 48 (D)

49. B) 50. (C) 5L (A) '

EXPLANATORY NOTES

19. A, Bare ¢ independent
= A, B are independent

= P(ANB)=PA):P(B)
1

= §= [ _P(A)] (1 -P(B)]
—3~ =1- P(A) - P(B) + P(A) - P(B)

=

wiN

=—P(A)-P(B) + %
[ A, B are independent,

1— = P(A  B) = P(A) - P(B)]

=PB)= 6 - X where X = P(A)

1

‘Since P(A) - P(B)_% (Z _ x) -1

or 6x2—-5x+1=0
e, (2x-1)(Bx-1)=0

GATE
1
273 .
When P(A) = % P@B)= L. Also P(A)> P(B) is
satisfied. - 3 1 :
" Note that when P(A) = 7, P(B) = 7"

P(A) >P(B) is not satisfied.
20. See tree diagram given below,

/ rains
p; = 0.7

does not rain

given p;p, +p; (1=p;) =07
orp, =07
= (.85 (given)

Required probability
= P(not rainsjrain is forecast)
=0.3 x 0.85 =0.255
(Events of raining and forecast are mdependent
events i.e., p; = 0.7).

22. For a triangle the sum of any two sides must
be greater than the third. Hence the possible
combinations for sides are (4, 6, 8), (6, 8, 10),
4, 8, 10) out of 5C3 = 10 ways of choos-
ing three sticks which are (2, 4, 6), (2, 4,.8),
2, 4, 10), (2, 6, 8), (2, 6, 10) (2, 8, 10),
(4, 6, 8), (4, 6, 10), (6, 8, 10) and (4, 8, 10).

» 3
. required probability = 7 =0.3

23. AL Ay , A, are independent

= A A ... are also independent
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24.

25.

26.

U

e~}
>
K
>;

T+l

Required probability

= Probability that A solves it and B, C do not
+ Probability that B solves it and C, A do not
+ Probabxlxty that C solves it and A, B do not

=4X4X7+1X3X -+ ><4X2

5777975777975 9
_112+21+8 _ 141
315 315

9 balls can be drawn from 20 balls in 20C;
ways.5 white balls can be drawn from 11
white balls in ''Cs ways and 4 black balls

from 9 black balls in 9C, ways. So, the num-

ber of favourable cases is !Cs x 9C,.

C5 X C
requlred probablht = ———~—26—~—--»

5

The chance that the first bag is chosen is =
and the chance of drawing a green ball from

itis |- |
. The chance of choosing the first bag and

. .16
drawing a green ball is 5 X 0

Similarly the chance of choosing the second
bag and drawing a green ball is 71, X g

- required probability

16 1
2X10+2><

4 _ 47
9 90

37

27. See adjoiﬁing tree diagram

White /3/7

Red 4/8
Bag I 1//‘2// \ gﬂ /
& Baglli3 ﬁ
' Red 3/5
Wn}}é_i’f.‘-.
Red 1/5
Required probability
1.3
37
! 3 1.2 1_4
3 x 7 *3 3 x5 5 *3 3 X 5
=9
19 ‘
28. Denote by my, m,, m;, my, mg the marks of

30 o

31.

the 5 failed students in ascending order.

ml, m,, m,, m,, mg, 40, 50,

60,70, 70, 70, 80, 80, 90, 90
J .

median
.. median = 60
2=10" x 0% = 10> x (2.45)*
0, =10x245=245

200,
= 4=
n * 10 6

0
<
i

= 2 %100 =200
X
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32. Let x= average age of children in class C
Then 30+ 50) x + 6.6 x40 =120 x 7.2
- nx=15
33. See adjoining tree diagram.

Required probability

X
N | —
+

X

X
B

+

X
X
+

X
N Qi o wniw

X
= o —

NWw nd oo oW

901
1680
34. X =random variable showing amount.
=10, 1
E(x) = 10 x probability of white + | X proba-
bility of maroon

3 5 35
=10X S +1XT =
8+ 8 8

35. p = Probability of drawing 3 red and 4 white
flowers

GATE

6 4 ,
_ Cyx G 1o
10 21
Cs
—1_p= 11
..q—-l. 1
Odds against the event= 9 = 1
p 10

36. For A, %:% where q=1-p

37.

38.

39.

Lp= % p robability of A solving the prob-
lem. p_7 )
For B, » 5whereq—l——p

“p= . = probability of B solving the prob-
lem 12

Now probability that neither A nor B solves

the problem = (1 - %) (1 - %)
4.5 _5
7% 127 21
.. probability that the problem will be solved
(either by A or by B or by both)
_3 _16
21 21

The possible events are

(i) all the three score =1 event
(i1) only two of them score =3 events
(ii1) only one of them scores = 3 events
(iv) none scores =1 event
Total = § events

Let A and B be the two specified persons. A
having taken his place, B has a choice of 11
seats, 2 of which are next to A (to the right
and left of A). So the odds against B sitting

nextto A are 1 = 9/“ 2

p 2/11 2
p = probability of getting a head = ~2~

Cq2i_pe ]

B gets his chance in the 2nd, 6th, 10th, .........
tosses.

.. probability that B wins
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GATE

=qp+qp+q’p+ ...

o) e

a 1
= - wherea=‘2,r=j
2 2
(geometric series formula)
1
2
1 15
1=

40. Define a random variable x; as follows:-
x; = | 1if ith ball drawn is white
0 if ith ball drawn is black.

Let S = number of white balls among the ¢
balls drawn

X x
i=1
Then E(S) = )

Now E(x;) = I x P(x; = 1) +0x P(x; = 0)

a ac
SE@)= Y B(x)=) ——=-S
i=1
41. Fair coin H T; other coin HH
Probability of choosing the fair coins and
1 1

. ' 11
y > § = s Y
getting 2 heads > X3%57%

Probability of choosing the other coins and

L 1 1
v e D 0 = =
- getting 2 heads ) X1X1 ’
(. both faces of the coin are H, H and ap-
" ‘pearance of a head is a sure event)
5

+123
2 8

20 |

. probability of 2 heads =

42,

43.

44.

45.

39

!
Required Probability = % - -‘Sl
8
1 =pAB)= P(ANB) and (1)
4 P(B)
1 _P(BNA)_ P(ANB)

From (2), (AN B) = é #0

-~ A, B are not mutually exclusive.

From (1), P (B) = %x4=~;—

Thus P(A) - P(B) = P(A N B) ie., A, B are

independent.
Again P( A |B)
P(ANB)_ P(B)-P(ANB)
- P(B) P(B)
11
2 8 _3
T2 a4
and P(B |A)
11
_P(A)-P(ANB)_4 8 1
- P(A) 12

P(AWB)=P(A)+P(B)-P(ANB)< 1

- P(A)+PB)-1<P(ANB)

orPLANB)2P(A) +P(B) - 1

So=-1
First person can apply for any of the three
houses, second can also apply to any of the
three houses and the third one can also apply
to any of the three houses. So, total number
of ways of applying = 3 x 3 x 3 = 27. Since
there are 3 houses all the three persons can
apply to the same house in 3 different ways.
. . 3 1

.. required probability 27579
Letx,i=1,2, .. m, be a random variable

representing the number on the ith ticket
drawn.
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40

46.

LetS=xl+x2+

m

Y. E(x,)

i=1

Then E(S)=

Now x; can have anyone of the values 0, 1,2,

oy

There are "C,, tickets having the number 0.
nCO )
L P(x=0)= —— .
C

-l‘l n n n
"¢, +2-"C,+3-"Cy+ 0 cn]

n-1 (n=1)(n-2)
TR

14 + .t

n—1
C,+.+

C,_i]

-1
(by Binomial Theorem)

‘m

Thus E(S) = Y, E(x,)= Z 2=
i=1 i=1

2 numbers can be chosen from 20 numbers in

20C2 ways. Sum of the numbers is odd when

one of them is odd and the other even. There
are 10 odd and 10 even numbers. One odd
number can be chosen in 10 ways and one
even number chosen in 10 ways.

mn

GATE
.. required probabilit —J—OQBX—IQ '1—9
19
C2

47. (GM)? = (AM)x (HM)=25x9 =225

48.

49,

L GM=15 o

A, B independent = A, B independent,

A negative coefficient of skewness indicates
that the distribution is negatively skewsd.
i.e., it has a longer tail towards the left and so
mean < median < mode. For any two events
"A,B,P(AnB)20and

P(A UB)=P(A)+ P(B)- P(ANn B)

! <P(A) + P(B).

Let x; stands for the number corresponding

to the ith card. Face cards are given, king and
jack cards. Then x; takes the values 1, 2, 3, 4,

5,6,7,8,9,10, 10, 10, 10. Probability for

: 4 1
th =— =
each card of the same type = 5-13
13 13
LetS= ), x.Then E(S)= 2, E(x

i=1 i=1

NowE(x)—-]—l3-X1+—§X2+ .....

1 1 1 1
— X s — —
+ 33 10+13x10+13x10+l3x10

- 15 (1+2+... +9+40)-§5»

The candidate can answer the question cor
rectly in two mutually exclusive ways, name-
ly, (i) knowing the correct answer (ii) guess
ing the correct answer.

Required probability (see tree diagram)
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- p-l _ mp
. _ 1 I+(m-1)p
prl+(l1-p)_ ,

50. Sample space = {BB, BG, GB, GG}
Reduced sample space = {BB, BG, GB}.
Thus there are 3 ways in which at least one is
a boy.
Both are boys happen in only one way.

1
.. required probability = 3

51. A={5,10, ... 40} and B = {4 8§, ... 40}

AN B={20,40}. So P(A) = — P(B) lg,
2
P(ANB)= 75
.. required probability
=P(A L B)=P(A) + P(B) - P(A N B)
=2
5

2.4 PROBABILITY DISTRIBUTIONS

(A) Discrete Distributions

1. The Binomial Distributions

Trials of an experiment are said to be indepen-

dent if the outcome of any trial does not depend

upon the previous outcomes.

Consider an experiment with first two outcomes.
We call one of the outcomes success and the other
outcome failure. Independent repeated trials of such

. an experiment are known as Bernouilli trials, named
after the discoverer Jacob Bernouilli. For example,
consider the experiment of tossing a fair coin. If ap-
pearance of a head is termed as success, then appear-
ance of tail will be failure.

Let p = Probability of success in a Bernouilli tri-
al. Then q = 1 — p = probability of failure.

A Binomial experiment denoted by B(n, p),
consists of a fixed number of trials n and probability
of success p.

The probability of exactly r successes in a Bino-
mial experiment B (n, p) is given by

P (r) =P (r success) ="C, pq" "

whereq=1 -p.

41

Definition 1: A discrete random van'ablé. X is said
to have a binomial or a Bernouilli distribution if
its probability density function is given by

P(X:r):ncrprqn-r, r=0, 1,2,....11 Where

'q=1-p,0<p<l.

Remarks: 1. The Binomial distribution is known
completely when n and p are given. Thus there are
two parameters n and p for the distribution.
2. For the Binomial distribution B (n, p).
(i) Expected value E(x) or Mean = np

(i) Variance V(x) = npq

(iii) Third (central) moment = npq (q - p)
3. Additive property of Binomial Distributions

If x p X, are independent binomial variables

with parameters (n P p) and (n > p) respectively, then
X, * X, is also a binomial variable with parameters
(n, +n,,p).

Example: A man fires at a target 6 times; the proba-
bility of his hitting itis equal to 0.4. . ~
(i) What is the probability that he will hit the
target at least once?
(ii) How many times must he ﬁre at the target
so that the probability of hitting is at least
once is greater than 0.77?

Solution
Herep=04, q=06and n=6
S P(X=x)="1C, p*q"~*=°C, (0.4)* (0.6)6~*

(i) Probability of hitting at least once
=Px21)=1-Px=0)=1-(0.6)%
(i) Suppose n is the required number of times.
Given 1 —(0.6)" >0.77 or 0.23 > (0.6)".
This is satisfied for n > 3. So the man must
fire at the target three times or more.
Example: A Student takes an objective type ques-
tion examination with four choices for each ques-
tions. There are 72 questions. Assume that one of
the choices is obviously wrong. The student
makes a guess of the remaining choices with his
knowledge of the subject matter. Find the expect-
ed number and variance of success.
Solution 1 2
Heren=72, p=§, q=§,
so that expectation = np = 24 and variance = npq
= 16.
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2. The Poisson Distribution

Poisson distribution is the limiting form of a
Binomial distribution. It is the discovery of the
French Mathematician Poisson. As n becomes very
large (n — o) and p becomes very small (p — 0) in
such a way that np is a finite quantity A, the Poisson
distributions results.
Definition 2: A discrete random variable X is said
to follow Poisson distribution if

—A X

A
PX= x)—-“‘—“*‘x 0,1,2...... oo

A is known as the parameter of the distribution.
Poisson distribution is described as a distribution
of rare events. Examples are
(a) number of deaths in a battallion of sol-
diers due to the kick of a horse.
(b) number of faulty blades in a pack of
1000 blades.
(¢) number of cars passing a crossing per
minute during the busy hours of a day.
Remarks: 1. For a Poisson distribution with pa-
rameter A, mean = variance.
2. (Additive or reproductxve property
of Poisson distribution)
If Xy, X, are independent Poisson variables with

parameters A, A, respectively, then x; + x, is also a
Poisson variable with parameter A; + A,, That is, the

Poisson distribution reproduces itself by addition.
Example: If a random variable X has a Poisson
distribution such that

P(x = 1) =P(x = 2), find P(x = 4).
Solution —A ~A 2

= 1)= P(x = e A_e A
P(x—l)—-P(x-Z) = 2
= A=2 (A0
-2 4
o = = € 2 =.2. -2
L P(x=4) 2l 3e

Example: A certain Electronics Company pro-
duces a particular type of vacuum tube. It has

been observed that on the average, 3 tubes out of

100 are defective, The company packs the tubes in
boxes of 400. What is the probability that a box of
400 tubes will contain (a) at least k defectives
(b) at most one defective?

GATE

Solution 3
Here n =400, sz).
(a) P(at least k defectives) = P (x 2 k)
=P (x=k)+P (x=k+1)+..+P(x=400)
400 -—12

_Z e 11_2

(b) P(at most one defective) =P(x = 0) +
P(x=1)

SA=np= 1'2

=e12+e12x12
4 =13e712,
Example: A random variable X has a Poisson dis-

tribution with P(X =2) =
Solution

wp(x— 1). Find P(X = 0).
—A X

WeknowthatP(X=x) = "\ x=0,1,2..
X!
S P(X=2) =2 P(X=1)
-A 2 -A
e A :gxe A
20 37 1
4
= A= -

3
Thus P(X =0) = e = ¢4
Example: If X has a Pqisson distribution with
E(X?2) = 2 then P(X = 0) equals

(a) P(X=4) (b) P(X=3)
(¢) P(X=2) @PX=1)
Solution

Since X follows Poxsson distribution,
Variance X = Mean X

e, E(X2) - [E(X)]2= E(X)

Put E(X) = A.
Then2-A2=% (= E(X2)=2)
orA2+A-2=0

“A+2))(A-1)=0
S A=1,-2. A=-2isimpossible (" Varianceis +ve)
SoP(X=0)=¢*=¢' and
-
Px=1) =¢_1 _,
1!
L PX=0)=PX=1)
So correct answer is (d).
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Example: The probability of an item being
defective is 0.01. What is the probability that a
sample of 100 items randomly selected will con-
tain not more than one defective item?

(Assume ¢! = 0.36788)

43

=P(x<H=P(x=0)+P(x=1)
I

=£ _4& =2el(i0l=] and I!1=1)
0! 1!

=2x0.36788 =0.73576

Solution Example: A random variable X follows Poisson
Here P=0.01, n= 100 Distribution with parameter 4. Then the probabili-
“A=np=1 ty that X assumes the values less than 3 is (Given
Tet X be the Poisson random variable repre- | thate "= 0.0183)
senting the number of defective items. (a) 0.7621 (b) 0.1952

- e-/\ A¥ e—l (c) 0.0915 (d) none of these

Then, P(X =x)=¢ o = o Solution ~4 P

o / : . e
-. probability is not more than one defective CPX=x)=""10 ,xp0 L2
o LPX<)=PX=0)+PX=1)+P(X=2)
TABLE OF VALUES OF e
(m lying between 0 and +1)

m 0 1 2 3 4 5 6 7 8 9
0.0 1.060 .9900 .9802 9704 9608 9512 9418 9324 9231 9139
0.1 .9048 8958 | ..8869 8781 8694 8607 8521 8437 .8353 .8207
0.2 8187 .8106 .8025 7945 .7866 7788 711 7634 7558 7483
0.3 .7408 7334 7261 7189 7118 7047 6977 6907 6839 6771
0.4 6703 6636 5570 .6505 6440 6376, 6313 6250 6188 6126
0.5 .6065 .6005 .5945 5886 5827 5770 5712 .5655 5599 5543
0.6 .5488 5434 5379 .5326 5273 5220 5169 5117 5066 | .5016
0.7 . 4966 4916 4868 4819 4771 A724 4677 4630 | .4584 4538
0.8 4493 4449 4404 4360 4317 4274 4232 4190 4148 4107
0.9 4066 4025 3985 3946 | .3906 3867 3829 3791 3753 3716

For example e = 0.6065. The same value was obtained in the previous example. Similarly,

€57 =(.5655. .

TABLEOF e
( m lying between +1 and +10)
em 1 2 3 4 5
0.36788 0.13534 0.04979 0.01832 0.006738
6 7 8 9 10
0.002479 0.000912 0.000335 0.000123 0.00045

Example e~ 15 =¢- Ix e~ 5= 36788 x .6065 = 22311922 or .2231
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-4
e + & X4+e x 4
1! 21

=e *(1+4+8)

= 0.0183 X 13 = 0.2379

So correct answer is (d)
Example: If 5% of the electric bulbs manufac-
tured by a company are defective, find the
probability that in a sample of [00 bulbs
(1) none is defective (ii) at least 3 are defective
(given e = 0.006738)

Solution
5
= 1'*0‘0”—005 n=100 .. np=5=A
-55x
ARGK=x)= %2
x!

(i) Probability that none is defective
=P (X=0)=¢"° =0.006738
(ii) Probability that at least 3 are defective
=P(X23)=1-P(X<3)
=1-[P(X=0)+P(X=1)+P(X=2)]
2

5
2 )
=1-0.006738 x 18.5
=0.875347
(B) Continuous Distribution
Let X be a continuous random variable. If f{(x) is
the probability density functions of X, then

=l-e (1+5+

MPXsa)= [ f(x)dx )

b
() Pas<X<b)= [ f(x)dx 4D

a
(iii) Expectation of X = E(X)
v o]
=Mean = f xf(x) dx 43)
)

(iv) Vanance of X =y (X)

= [ [x—Ex) f(x)dx] ..(4)

GATE

v [ fx)dx=1

with the above ideas we discuss some con-
tinuous distributions.

- 3. The Uniform Distribution

Definition 3: A continuous random variable X is said
to follow uniform distribution or rectangular dis-
tribution if its probablhty density function is giv-
en by,

1

E-*:—‘;, a<x <b

fix)=

0, otherwise

Remarks: 1. The uniform distribution generally
arises in the study of round off errors where mea-
surements are recorded upto a certain level of ac-
curacy.

2. The cumulative distribution function of X is
given by fx) = p(X £ x).

=_f f(x)dx
~00
0  ifx<a
si i ifgsnEb
ll ifx>b
; i 2
3. Mean= 2 5 Variance= (b—a)
: 12

Example: The melting point X of a certain speci-
men may be assumed to be a continuous random
variable which is uniformly distributed over the in-
terval [110, 120]. Find the density function of X,
mean of X, variance of X and P(112 £ x < 115).
Solution

Here a= 110, b = 120 so that density function is

1

e <
to={ 120110 110 x<120

0; otherwise

O Brilliant Tutorials Pvt. Lid.

GATE-CS/T-1-44



GATE

11 <x <120

-{10°
0,  otherwise
Meanof X= 210 _110+120 _ s
2 2
Variance of X
- b-a)’ _ (v'20—119)__,.:,~
12 12 3
P(112<x < 115)
: 115 115
1 3
=[ fx)ax+ [ dx=
112 (2 10 10

Example: The efficiency X of a certain electrical
component may be assumed to be a random vari-
able which is uniformly distributed between 0 and
100 units.
Find the probability that X is

(i) between 60 and 80 units and

(ii) greater than 90 units.

Solution
1
Here fix) = | <x<
fl o0 10 £X< 100
0, elsewhere |
80

S P60<X<80)= [ f(x)dx
60 h

80 1
3 mofdx:E

- 100
and P(x>90)=f f(x)dx

2 — dx = -_—
100 5 10
Thus 20% of the electrical components will
have an efficiency between 60 and 80 units and 10%
" will have an efficiency which is more than 90 units.

45

Example: If X is uniformly distributed in [- 2, 2]
thenP(X < 1)is

3 1. : 1
@ 7 ® 2 © 5 @o
Solution
1
. = e x <)
Given f(x)=]4
0, elsewhere
: 1 i 3
LS PX<)= [ = — ( = =
( ) f f(x)dx 3 (x)_, 3

=

So the correct answer is (a).
Example: Trains arrive at station A at 15 minutes
intervals starting at 5 AM. If a passenger arrives
at the station at a time that is uniformly distributed
between 9 A.M and 9.30 A.M. Find the probabili-
ty that he has to wait for the train for (a) less than
6 minutes (b) more than 10 minutes.
Solution

Let X stand for the random variable representing the

number of minutes after 9 A.M that the passenger
arrives ar station A.

“fix) = 30

(a) The passenger has to wait for less than 6
minutes
If he arrives at the station between 9.09 and
9.15 or between 9.24 and 9.30.
Probability for this=P (9 <x < 15)
+P (24 <X<30)

"I 30"" f—'d"

(b) Probabxhty in this case = P(0 < x < 5) 4

P(15<x<20)
20 i i
—f —dx + £§6dx=§

(4) The Exponentlal Distribution

Definition 4: A continuous random variable X is
said to have the expenential distribution if its
probability density function is given by
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0. otherwise
a being some positive number, called its parame-
ter. ‘
 Remarks: 1. This distribution arises in the study of
life-length of electronic components. Also the inter-
arrival time and service time in queuing theory have
exponential distributions.

2. Mean = l, Variance = !2
s a

Example: The sales tax return of a salesman is
exponentially distributed with parameter—}.
What is the probability that his sale will exceed

Rs. 10,000, assuming that sales tax is charged at
the rate of 5% on the sales?

Solution
% X
1
Here f(x) = Ze 4, x>0
: 0, otherwise
Sales tax for the sale of Rs. 10,000 is =
5
10000 x 100 = Rs. 500
Now P(x > 500) =1-P(x<500)
500 l500 X
=1- [ fx)dx =1~ , [ e*
0 4 0
500

=2 - 125
=1+=(e4) e
o

Example: At a construction site, 3 lorries unload
materials per hour on an average. Find the proba-
bility that the time between arrival of successive
lorries is (a) at least 30 minutes (b) less than
20 minutes. :

‘Solution

Let X denote the exponential variable time in
hours.

GATE

~3
Je x. x >0

fix) =
l 0. otherwise
1
(a) P(X = 30 minutes) = P (X 2 3 an hour)

T .3
= J3T e LB
i

()

2
| E
®) P(x < ;) = ISC eoma !
0

=1-0.37=0.63
Example: The density function of the time that
Mr. X speaks over phone is given by

—x/6

f(x): ke 3 X>0

0. otherwise .

Find the probability that Mr, X will take for
(a) more than 8 minutes (b) less than 6 min

utes
(c) between 6 and 8 minutes.
Solution
Since f(x) is a density function
o .
f f(x) dx =1
0 o0
- =xl6
f ke Pax =1
0 .

1
Thus f(x)={g® °

0, otherwise
Example: If X is an exponentially distributed ran-
dom variable with parameter 6. Then the probabil-
ity that X exceeds its mean value is
(a) 0.3678 (b) 0.2245
(¢) 0.6322 (d) none of these
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Solution

-0x
Given f(x) = {9 x>0
0, otherwise
1
Mean= —
ean 0
- -0 x
. ;. _fee dx
SPX> 0 ) |
0

: w0
=), =e"=0.3678
: -0
So the correct answer is (a).
(5) The Normal Distribution
Definition 5: A continuous random variable X is
said to follow normal distribution if its probabil-
ity density function is
-
2

L 20 2
f(x) = o e ;=00 <X < oo,

>0, —o<p<oo <11

We write in such a situation X ~ N(u, 02).
The distribution involves two parameters
i and o.

Properties

1. The distribution is symmetrical.

2. Mean =y, Variance = o?

3. For this distribution, mean, median and
mode coincide.

4. f(x)=20forall x

o o]
5. f f(x)dx =1, i.e., the total area under,
al '
the curve y = f(x) bounded by the axis of
xisl.
Remarks

L.The curve y = f(x), known as the normal
curve, is a bell-shaped curve. It is symmetri-
cal about x = ; the two tails on the left and
right sides of the mean extend to infinity.

il

2.Put z = ~?‘..;_, . Then z is called a stan-

dard normal variate and its probability den-

€ s
2n

sity function is given by p(z)= 1| _~ 2
—o00 <z oo, . :
Mean of the standard normal distribution is 0
and variance is 1. We write Z ~ N (0, 1).

3. The area under the standard normal curve

Area=0.5 |’ Area =05

Tl
Normal curve

(i) between z=-1 and z=11is 0.6827 ( * to-
tal area under the standard normal curve is 1)
ie, p(-1<z<1)=0.6827

(ii) between z = -2 and z = 2 is 0.9545
i.e., p(=2 <z <2)=0.9545
(iii) between z = -3 and z = 3 is 0.9973

ie,p(=3<z<3)=0.9973
In other words, p(t — 0 <x <p+ o) =0.6827
p(u—20<x<pu+20)=0.9545 and
p(p—-30<x<p+30)=0.9973
PH-1960<x<u+1.9606)=0095
p(p—2.580<x<p+2.580)=0.99

68.27%

95.45'

99.73%

Fig. Areas under standard normal curve

4. Since the distribution is symmetric, we con-
sider only positive values of z.
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i

Then, ¢(z) = \/l_ j‘ e

area under the normal curve between

z=0andz=2z.

For different values of z, ¢§(z) can be cal-

culated. These values of ¢(z) have been

tabulated. All standard text books of
statistics contain this tables of areas.

5. There is another table, known as the table of
2

zZ

b sne

Y2z "
corresponding to a value of z from this
table. This table can also be found in any
book on statistics.

Importance of the Normal Distribution

1. Many distributions tend to a normal dis-
tribution in the limit.

2. It is found that normal distribution satis-
factorily describes the events arising in
the fields of education, biology, sociolo-
gy etc.

3. ‘When a variable is not normal, it can be
made normal using some suitable trans-
formation.

4. When the sample size is large, the dntn—
butions of the sample mean, sample vari-
ance etc., approach normality. Thus the
distribution forms a basis for tests of sig-
nificance.

5. Normal distribution is also known as the
distribution of errors.

Additive property of the Normal Distribution

ordinates. We read p(z) =

If X and Y are two independent normal vari-
. ; 2 2
bles with means y,, 1, and variances ©; , 65

respectively, then Z = X + Y is also a normal
variable with mean 1, + W, and variance cf + Gg

2 dz gives the

GATE

2
ie, X~N (pl ,o,),

2
Y~N (”2’02)
2 2
= X+Y~N (”1+"‘2'°1+°2)
E’xamﬁle: IfP(Z 2 Zl) =0.8414 in N (0, 1), then
ﬁnle.

Solution

Since P(Z 2 Z) = 0.8414 2 0.5, it follows that
Z, must lie to the left of Z = 0.

= Z, is negative.

By referring to the table of areas, correspond-
ingto Z =1, area is 0.3413.

Nz =—
Examplle. The length of 800 tubes is normally
distributed with mean 66 cm and standard devia
tion 5 cm. Find the number of tubes with lengths
lying between 65 cm and 67 cm.
Solution

-0.2 5 0.2

Given p= 66, 6 =5

oo o Kb X2 86
fol 5

When X=65, Z= 8 ;-66 =-02

When X =67, Z= 91%—6—@ =02

S P(65sX<67)=P(-025Z2<50.2)
= Area of the shaded part under the standard
normal curve
=2x0.0793 =0.1586
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(By referring to the table of areas corresponding -
to Z = 0.2, value is 0.0793; area to theleftof Z=0"

is equal to the area to the right of Z = 0 by symme-
try. So we write 2 x 0.0793)
". required number of tubes = 800 x 0.1586
=127.
Example: The stores, say X, of an examination
may be assumed to be a continuous random vari-
able normally distributed with it = 75 and o2 = 64.
What is the probability that
(a) a store chosen at random will be between
80 and 85,
(b) a store will be greater than 85% and
(c) a store will be less than 90%?

Solution
Givenu=75,6=8 .. Z= )E...'é_lé
(a) When X = 80, Z = % - 0.625

49

“P(B0LX<85)=P(0.6255Z<1.25)
: - = area of the shaded part in Figure
— area corresponding to Z = 12.5
=0.3944 - 0.2324 = 0.1620
.. there is about 16% chance of the store to
lie between 80 and 85.

< z=1.25
(b)P(X>85)=P(Z>1.25) ;
- =area of the shaded part
=0.5-0.3944
=0.1056

©P(X<90)=P(Z<1.875)

(' When X =90, Z = 1.875)
= area of the shaded part
=0.5 + 0.4693 (nearly)
=0.9693 nearly

Table 1:
Ordinates (y) of the Standard Normal Curve at z

0
Z 0 1 2 3 4 5 6 7 8 9
0.0 .3989 .3989 3989 .3988 .3986 3984 3982 . 3980 3977 3973
0.1 3970 .3965 .3961 .3956 3951 .3945 3939 3932 3925 3918
0.2 3910 .3902 3894 .3885 3876 .3867 3857 3847 .3836 3825
0.3 3814 .3802 3790 3778 3765 3752 3739 3725 3712 3697 .
04 3683 .3668 3653 .3637 3621 .3605 .3589 3572 39933 3538
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z 0 1 2 3 4 5 6 7 8 9
05 3521 3603 3485 3467 3448 3429 3410 3391 3372 3352

‘06 a3 w2 a2 m 3281 a0’ T390 3187 3166 3144
07 3123 3101 3079 3056 3034 3011 2989 2966 2943 2920
08 2897 2874 2850 2827 2803 2780 2756 2732 2709 2685
09 2661 2637 2613 2589 2565 2541 2516 2492 2468 2444
10 2420 2396 2371 2347 2323 2299 2275 2251 2221 2203
L1 2179 2155 2131 2107 2083 2059 2036 2012 .1989  .1966
12 1942 1919  .1895  .1872  .1849  .1826  .1804  .1781  .1756  .1736
13 1714 1691  .1669  .1647  .1626  .1604 1582  .1561  .1539  .I518
14 1497 1476 1456 1435 1415 1394 1374 1354  .1334 1315
L5 1295 1276 1257  .1238 1219 1200 .1182  .1163  .1145 1127
16 1109 1092  .1074 1057  .1040  .1023  .1006 0989 0973  .0957
17 0940 0925 0909 ~ 0893 0878 0863  .0848 0833  .0818 ' .0804
18 079 0775 0761 0748 0734 0721 0707 ' 0694 0681  .0605
19 0656 0644 0632 0620 0608 .0596 0584 0573 0562 0551
20 0540 0529 0519 0508 0498 0488 0478 0468 0459 0449
21 0440 0431 0422 0413 0404 0396 0387 0379 0371 0363
22 0355 0347 0339 0332 0325 0317 0310 0303 0297 0290
23 0283 0277 0270 0264 0258 0252 0246 0241 0235 0229
24 0224 0219 0213 0308 0203 0198 019 0189 0184 0180
25 0175 0171 0167 0163 018 0154 0151 0147 0143 0139
26 0136 0132 0129 0126 0122 0119 0ll6 0113 0110 0107
27 0104 0101 0099  .009 0093 0091 0088  .0086  .008¢ 0081
28 0079, .0077 0075 0073 0071 0069  .0067 0065 0063 0061
29 0060 0058  .0056 0055 0053 0051 0050 0048 0047  .0046
30 0044 0043 0042 0040 0039 0038 0037 0036 0035 0034
3.1 0033 0032 .0031 0030 0029 0028 0027 0026 0025  .0025
32 0024 0023 0022 0022 0021 0020 0020 . 0019 0018 0018
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Z 0 1 2 3 4 5 6 7 8 9
33 0017 .0017 .0016 0016 0015 » 0015 0014 0014 .0013 0013
34 .0012 0012 v .0012 0011 0011 0010 0010 0010 0009 .0009
3.5 0009 .0008 .0008 .0008 .0008 0007 0007 0007 .0007 0006
3.6 .0006 .0006 .0006 0005 .0005 0005 0005 .0005 0005 0004
37 .0004 .0004 .0004 0004 .0004 0004 .0004 .0003 .0003 0003
38 .0003 .0003 .0003 .0003 ’ .0003 .0002 .0002 .0002 .0002 0002
39 .0002 .0002 .0002 .0002 0002 - 0002 .0002 .0002 0001 0001

Table 2:
Areas under the Standard Normal Curve from 0 to Z
™ 0

Z 0 1 2 3 B 5 6 7 8 9
0.0 .0000 0040 .0080 .0120 0160 0199 0239 0279 0319 .0359
0.1 0398 .0438 .0478 0517 0567 .0596 .0636 0675 0714 0754
0.2 0793 0832 .0871 0910 .0948 .0987 1026 1064 1103 1141
0.3 479 1217 1255 1293 1331 1368 .1406 1443 .1480 1517
04 1554 1591 .1628 1664 1700 1736 1772 .1808 1844 1879
0.5 1915 1950 .1985 2019 .2054 .2088 2123 2157 2190 2224
0.6 2258 2291 2324 2357 .2389 2422 2454 .2486 2518 2549
0.7 2580 2612 .2642 2673 2704 2734 2764 2794 2823 .2852
0.8 .2881 2910 2939 2967 .2996 3023 3051 3078 3106 3133
0.9 3159 3186 3212 3238 - 3264 3289 3315 3340 3365 .3389
1.0 3413 3438 .3461 3485 3503 3531 3554 3577 .3599 3621
1.1 3643 3665 .3686 3708 3729 3749 3770 3790 3810 3830
1.2 3849 3869 .3888 3907 3925 3944 3962 k 3980 3997 4015
1.3 4032 4049 4066 - .4082 4099 AllS 4131 4147 4162 4177
1.4 4192 4207 4222 4236 4251 A265 A279 4292 4306 4177 »
1.5 4332 4345 .4357 4370 4382 4394 4406 4418 4429 4441
1.6 4452 4463 4474 4484 4495 4505 A515 4525 4535 4545
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1.7 4554 4564 4573 4582 4591 4599 4608 4616 4625 4633
1.8 4641 4649 4656 4664 4671 4678 4686 4693 4699 4706
1.9 4713 4719 4726 4732 4738 4744 4750 4756 4761 4767
2.0 4772 4778 4783 4788 4793 4798 4803 4808 4812 A817
2.1 4821 A826 4830 4834 4838  .4842 4846 4850 4854 4857
2.2 4861 4864 4868 4871 4875 4878 4881 4884 4887 4890
2.3 4918 4896 4898 4901 4904 4906 4909 4911 4913 4916
2.4 4918 4920 4922 4925 4927 4929 4931 4932 4934 4936
25 4938 4940 4941 4943 4945 4946 4948 4949 4951 .4952
2.6 4953 4955 4956 4957 4959 4960 4961 4962 4963 4964
2.7 4965 4966 4967 .4968 4969 4970 4971 4972 4973 4974
2.8 4974 4975 A976 4977 4977 4978 4979 4979 4980 .4981
2.9 4981 4982 4982 4983 4984 4984 4985 4985 4986 4986
3.0 4987 4987 4987 4988 4988 4989 4989 4989 4990 4990
3.1 4990 4991 4991 4991 4992 4992 4992 4992 4993 4993
3.2 4993 4993 4994 4994 4994 4994 4994 4994 4995 4995
33 4995 4995 4995 4996 4996 4996 4996 4996 4996 .4997
3.4 4997 .4997 .4997 4997 4997 4997 4997 4997 4997 .4998
3.5 4998 4998 4998 4998 4998 4998 4998 4998 4998 .4998
3.6 4998 4998 4999 4999 4999 4999 4999 4999 4999 4999
3.7 4999 4999 4999 4999 4999 4999 4999 4999 4999 4999
3.8 4999 4999 4999 4999 4999 4999 4999 4999 4999 4999
39 .5000 :5000 .5000 .5000 . .5000 .5000 .5000 .5000 .5000 .5000
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OBJECTIVE QUESTIONS

1. "An experiment succeeds twice as often as it
fails. Then the probability that there will be at
least 4 successes in 6 trials is

496 233
@ 759 b) 739
(¢e) %9-? (d) nong of these

s TR |
2. If the probability of a male birth is 2 the
- probability that out of 3 children born to a
woman, two are males and one is a female is

I ’ 1
(a) 8 (b) 5
(c) % (d) none of these

3. If X is arandom variable with a Binomial dis-
tribution with n = 5, p = 0.2 then the most
probable value (value taken with the highest
probability) of X is

(a) 1 (b) 2

() 3 (d) 4

4. Which of the following statements are not
correct? ‘

The limiting form of the binomial distribution is
(i) the poisson distribution

(11) the normal distribution

(1i1) the uniform distribution

(iv) the exponential distribution

(a) (i), (ii) only (b) (i), (iii) only

{¢) (iii), (iv) only  (d) all the four ,

5.  Match List I (Distribution) with List II (Situa-
tion) and select the correct answer using the
codes given below the Lists.

List I List IX
A. Exponential 1. Rounding off error
B. Poisson 2. Life-length of electronic
component
C. Uniform 3. Printing errors of

spelling per page in a
book

D. Normal 4. Events in Biology

6.

10.

11.

53

Codes
A B C D
(a) 3 2 4 1
(b) 2 3 1 4
(c) 1 3 2 4

(d) I 2 3 4

If four coins are tossed together the chance
that there are 2 heads and 2 tails is

3 ) 5

(a) 3 (b) 3
© EI;‘ @ 3
4

* In a Binomial distribution

(a) mean = variance

(b)mean < variance

(c) mean > variance

(d) no relationship exists between mean and
variance.

8 coins are thrown simultaneously 512 times.

Then the number of times at least 6 heads

will show up is

(a) 74 (b) 37

(c) 56 (d) 18

A student, unprepared for a quiz, takes a six-

question true - false quiz and guesses each an-

swer. The probability that the student will

come out successful in the quiz test if the

passing grade is at least four correct answers. -

1 5
(a) 4 (b) 3“2‘ )
(c) % (d) none of these

The mean and variance of a Binomial distri-
bution are 16 and 12 respectively. Then
PX22)is

3\64 38.67
(fl) (Z) (b) o
(c) 1_363-67 (d) none of these
64 -

In a town A, 20% of the population is literate.
200 investigators take a sample of 10 each to
find out whether they are literate or not. Then
the number of investigators who are expected
to report that three people or less are literate
in the samples is

¥ Brilliant Tutorials Pvt. Ltd.
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13.

14.

15.

16.

{c) 8

@ - 2

3
(@ 200 Y "’cx(-‘f)
x=10 5

2 10
(b) 200 C T -
X 10
x=0 5

3
10
(¢) 200 ). cx(;‘)
x=0

(d) none of these

For a B (n, p) mean is 16 and variance is 12.
Then the third central moment is

(a) 4 {h) 6

{(d) none of these

X and Y are independent Binomial variables

following B (5 % and B (7 ; %) Then
P(x+y=3)is
55 55
@) 1024 (b) 512
(©) l2C3 X »—lﬁ (d) none of these
2

A radar unit tracking a target detects it with
probability p during a surveillance cycle. The
detection of the target in each cycle is inde-
pendent of other cycles. The probability that
the target will be detected within the first n
cycles is

(a) p" ) 1-(1-pn
n Kk .
© > p (@ 1 -pr
k=1
If X is a Poisson . variate such that

P(x=2)=9P (x=4)+90P (x = 6) then the
mean of the distribution is
(a) 2 ®) I
©3 @) 4
In a Poisson distribution concerning accident
statistics, the average number of accidents is
two. Then the probability that there will be
folir accidents in a week is '

4 1

15e

© 25

1
@5
e e

17.

18.

19.

20.

-

21.

22

GATE

A car hire firm has two cars which it hires out
day by day. The number of demands for a car
on each day is distributed as a Poisson distri-
bution with mean 1.5. Then the number of
days in April, on which only one car is used
is (given e713 = 0.22)

(a) 8 (b) 10
(c) 13 (d) 15
A manufacturer of medicine bottles finds that

0.1 % of the bottles are defective. The bottles
are packed in boxes of 500 bottles. If
100 boxes are brought then the number
of boxes with two or more defectives is

(given ¢ = 0.6065)

(a) 9 (b) 61
(¢) 19 (d) 91
The probability that a Poisson variate X takes

a positive value is (1 — 7' ). Then the prob-
ability that X lies between— 1.5 and 1.5 is

(a) 1.5¢17 (b) 13
() 25¢713 (d) none of these
If X and Y are independent Poisson variates

such that P (X = 1) = P (X = 2) and
P (Y = 2) = P (Y = 3) then the variance of

x—2yis
(a) 12 (b) 8
(¢) 10 (d) 14

If X is a Poisson variable with mean m then

the expectation of e™¥* where k is a constant
is
-k -k

m(l—e ) —m(e +1)
(a) e (b) €
k r
1- -m(l-e )
(c)em( e) @) e m(l-e )
A random variable X has the density function
-3x
ce , x>0
f(x)=
0, x<el
Then the value of the constant ¢ is
(@) 3 (b) 1
1
© 3 @ 9

* Brilliant Tutorials Pvt. Ltd.
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23.

24.

26.

27.

28,

@ Ty (b}

29.

A random variable X has the density function
e* for x 2 0. Then P(|X - 1] > 2) equals

(a) e (b) ¢!

(©) e3 (d) e

If X is uniformly distributed in ~ 2 < x £2
then P(X <1)is

1
@) ®

() (d) 0

B |

. If X 1s a continuous random variable whose
distribution is constant in an intervala<x <b

and 0 elsewhere then the mean value of X is

a+2b 2a+b
ey == d) == =
(c) 5 {d) 5

If X is uniformly distributed over (0, 10) then
P (1 <x < 6) equals

1 3
(@ 5 ) 75
4 5
) 3 @ =

If X ~ U (~ a, a) (that is, X follows a uni-
form distribution over (— a, a)) then the value

of a such that P(§X|>2)=% is

(a) 6 (b) 8
(€) 5 (d) 2
Life of electric bulbs follows an exponential
distribution with a mean of 1500 hours. The
probability that the bulbs will have less than
1000 hours 18

| 1
2/3

e =1 i+e

o 9
- &

(c) ¢ ?

(d) 1-¢ 3

‘Match List 1 with List 1l and choose the cor-

rect answer using the codes given below the
Lists. '

55
List I List IT
(Distribution) (Property)
A. Binomial [.Mean = -2-,
. ik
Variance = —
4
B. Poisson 2. Mean = -;-,
Variance = .3_
4

C. Exponential 3. Mean = 12, Variance ¥3 ,

D. Uniform 4. Mean = |, Variance = 1
- Codes
A B c D
(a) 3 4 2 I
(b) 3 4 1 2
{c) 4 3 2 1
@) 4 3 1 2

30. Which one of the following statements is

31.

33.

true? )

1. If X and Y have standard normal distribu-
tions then their sum X + Y also has a stan-
dard normal distribution.

2. If X and Y have Poisson distribution with
not necessarily the same parameter then
their sum X + Y also has a Poisson distri-
bution. A

(a) 1only (b) 2 only

(c) both 1 and?2 (d) neither 1 nor 2

If X is normally distributed with mean 5 and

standard deviation 2, then P (X > 7) equals

(a) 04772 (b) 0.0228

(c) 0.3413 (d) 0.1587

. The mean weight of 100 students at a certain

college is 75 kg and the standard deviation is
7 kg. Assuming that the weights are normally
distributed the number of students weighing
between 61 kg and 89 kg is approximately

(a) 90 (b) 95

(cy 99 v (d) 68 ‘
The income distribution of workers in a facto-
ry was found to be normal with mean of
Rs. 500 and standard deviation equal to
Rs. 50. There are 228 persons getting above

+ Brilliant Tutorials Pvt. Lid.
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34.

35.

36.

37:

38.

39.

40.

Rs. 600. Then the total strength of the factory
is (area under the normal curve between
0and 2is 0.4772)

(a) 20000 (b) 1000
{c) 5000 (d) 10000
The distribution of monthly salaries of 3000

teachers conforms to a normal curve with an
average monthly salary of Rs. 600 and a stan-
dard deviation of Rs. 100. Then the number
of teachers drawing over Rs. 800 is

(a) 68 (b) 90
(¢) 160 (d) 78
The scores made by 500 candidates in a cer-

tain test are normally distributed with mean
500 and Standard Deviation 100. Then the
number of candidates scoring less than 400 is
(a) 110 (b) 95

(c) 60 (d) none of these
Among 600.candidates of GATE Computer
Science and Engineering in a city A, the
mean mark is 80.75 with standard deviation
5. The number of candidates scoring over 89
is approximately

(a) 30 (b) 15
(c) 60 (d) 10
A normal distribution has mean 6 and stan-

dard deviation 3. The probability that an ob-
servation taken randomly will have a negative
value is

(a) 0.05 (b) 0.1

(¢) 03 (d) 0.0228

15000 students appeared for an examination.
The mean marks were 9 and the Standard de-
viation is 6. Assume the marks to be normally
distributed. If the top 2.5% got grade A then
the minimum marks for grade A is

(a) 67 (b) 65
(¢) 61 (d) 59
Two independent random variables X and Y

are both normally distributed with means 1 and
2 and standard deviations 3 and 4 respectively.
IfV=X-YthenP(V+1<£0)is

(a) 0.50 (b) 0.60
(c) 0.25 (d) 0.00
Which of the following statements is/are

false?
L Binomialldistribution is symmetrical if
p= (If' 3

GATE

2. For a normal distribution coefficient of
skewness is zero.

(a) 1 only

(¢) both 1 and 2

(b) 2 only
(d) neither 1 nor 2

KEY
1. (a) 2. (¢) 3. (a) 4 (c)
5. (b) 6. (a) 7. (c) 8. (a)
9. (d) 10. (c) 11. (b) 12. (b)
13. (a) 4. (b) 15. (b) 16. (¢)

- 17. (b) 18. (a) 19. (¢) 20. (d)

21. (d)  22. (@) 23. (c) 24 ()
25. () 26. (a) 27.(b) 28. (d)
29. (b)  30. (b) 31. (d) 32. (b)
33.(d) 34. (@ 35 (d) 36. (a
37.(d)  38. () 39. (a 40. (d)

EXPLANATORY NOTES

Probability of success =p = —;—('.; when there

are 3 trials of the experiment, success is in
2 trials and failure in 1 trial)

g q=1~p=%- and n=6

SoP(X=x)="C, p*q"*

X 6—X

“e[5] ()

-~ required probability =P (X = 4)
=PX=4)+P(X=5+P(X=6)

wteli] (ol (i)

6

_ 49
T 729

(15%2 +6x2 +2)

w
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GATE-CS/IT-1-56



GATE

2. p = probability of a male birth =-% q=—;—

n=3.
: x n X 3 1
CyP Cx(g)

So required probability

3
=p(x=2)=3c2<~1) =3

P(X=k)

2 8
3. P(X=x)=°C,(0.2)*10.8)° %
P(X=0)="C,(0.2)°(0.8)°=(0.8)°=0.32768

P (X =1)=35C, (0.2) (0.8)4 = 0.4096
P (X =2)=5C,;(0.2)2 (0.8)> = 0.2048
P (X =3)=5C;(0.2)% (0.8)2=0.0512
P (X =4)=35C4(0.2)4(0.8) = 0.0064
P (X =5)=35Cs(0.2)° = 0.00032
2 2
: , N P b R 6 3
6. Required probability = C2( 2—) (~2—) 1678
7. In a Binomial distribution, mean = np,
variance = npq. Since q < 1, npq < np. Or
mean > variance.
8 PX26)=P(X=6)+P(x=7)+P(X=28)

8 8 8
80 [L) 8~ [1) 84~ (]
o) wolz) el
= (S +%C,+1)
=3
256

Required number of times

- 37
S12X 2 =74

9. Heren=6, pz%*

P(X24)=P(X=4)+P(X=5)+P(X=6)
6

6 6
6 f1) 6 (1} 6 (1
"%ﬂ*4ﬂ+%@

1, i
= 154+6+1 )=
64( 15+6+1) 32

57

10. Givennpq=12,np= 16

=12_3

16 4

gzl -
vp—l q——4. Son=64

Now P [X22]=1-P(X<2)
=1-[P(X= 0)+P(X—1)]

64 0 64,64
=1-["Copq + C,pq %
63

A e

2000k 46
100 5’975
P(X<3)=P(X= 0)+p(x-1)+p(x 2)
+P(X=3)

11. GivenN=200,n=10,p=

3 10 x 10—x

- Cpq
x=0 :

. number of investigators

- xéo mCx (%)x (g_)

3 10—-x
10
=200y, "¢ *
x=0 5

10—x

=

12. Third central moment =npq(q—p)

a3 (31
—16><4(4 4)/
. npq _ 12 31
(- np 168V 97 4P
=6

g X 5=-x 5 5
13, P(X=x)= c(%) (%) = cx(%)

y T-y
o] 326 )

. required probability =P (X =0,Y =3) +
PX=1,Y=2)+P(X=2,Y=1)+
PX=3,Y=0)

7

* Brilliant Tutorials Pvt. Ltd.

GATE-CS/IT-I-57



58

12
s . 7. 51
) [[CX C3+C X C,

+c,x’c ¢, x' ¢y
220 _ 55

1
= 12(35+105+70+10) 12" 1024

2 2.
14. Probability that the target will not be detected
within the first n cycles = (1 - p)»
.. required probability = 1 (1 — p)»
15. Let A be the mean.

2 -\, 4 -A,6
. AN e A e A
Given e -2—!'—-9 Y +90 A
2 4 )
ie, L_9A 90
2 24 720
orA*+3A2-4=0
ie., (A2 + 4) A2 - =0

. A2 =~ 4 which is impossible
and A =% 1; A=~ 1 is impossible.
16. Given A =2

L P(X=x)= 5 =T

e 22t 2

So PX=4)= """ =-"

4! 2

3e
17. Let X = number of demands each day. Then
X is a random variable taking only three
values 0, 1, 2. If there is demand for more
than two cars, then the firm has to refuse.
-\, X

P(X=x)= -‘L;;‘— where = 1.5

,x=0,1,2...

-1.
e sy
r x!

PX= 1)=e"~5(1.5)=0,22x 1.5

GATE

So the number of days in April on which only
one car is used =30x P (X =1)
=30x0.22%x1.5~10
500x0.1

18. A=np="""oe===0.5

LAP(X=x)=
P(X>2)—1—~P(X<2)
=1-[PK=0)+P(X=1)]
=1-¢e93(1+0.5)
=1-0.6065x% 1.5
=(.09025
Then number of boxes with P (X2 2)
=100 x 0.09025 = 9 (nearly)
19. P(X>0)=1-P(X<0)
=1-P(X=0)
=]l-gh=1-¢
LA=1.5
SoP(-1.55x<1.5)=PX=0)+P(X=1)
=egrterh=(1+A) e

=25¢l3

-13 given

20. P(X=1)=P(X=2)

-A,2
et A= (T

2!
A=2
svarX=A=2

P(Y=2)=P(Y=3)=S =
=A=3
svarY=A=3
Now var (X -2Y)=varX +4varY
=2+12=14

21, Ee =Y ¢ “p(Xx=x)
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-m(l— e_k)
=e
22. Since f(x) is a density function,

o 0 ©
[= f f(x)dx = f f(x)dx+ff(x)dx
— 0 -0 0

0 w
= [ odx+[ce Tax

— 00 0
3 [vs)
__(_@‘e ) _c
-3 ), 73
5 C=3
e“x, x =0

23. f(x)=
0, otherwise

x=1]22 = x23 or x<-1
SP(X-122)=P(X23)+P(X<-1) .
-1

X - X
=fe dx+f‘0dx
3

— 0
—..e"'3
1
-y — 2<x=<2
24, f(x)=\4
0,  otherwise
1 1 ] 3
<D= [ flx)de= [, dx =
-2 -2
! a<x<b
25. f(x)=| b2
0, elsewhere
Mean = E (X)
b
=fxf(x) dx
a .

b
_ X _ 1 2.b
J ot ax 2io=a) %
___Vbz—az =a+b
2(b—a) 2

1
26. Here f(x) = 10° 0<x<10

0, otherwise

L P(1<X<6)
6

6
N il i Lo
.—_lff(x)dx—Jl‘mdx—z

1

—, —a<x<a
={2a’ »

27, f(x)
0, otherwise

X[>2=>x>2o0rx<-2

;PUM>2%=%:PH>2HJ¥x<e2%=%
P 3
il + o =
:'g 221-dx f 2 dx 4
—a
1
—(a=2)+=—(—2+a)=>
=7 (a—2) 2a( 2+a)
a=2_3
a 4
=a=28 .
. =-=1500 . a=-——
28. Mean = 500 a 1500
1 1500
f(x)=| 1500 S
0, otherwise.
1000 { _ X 2
_ 1500 . _+_ 3
P(X<1000) { 1506 ¢ dx=1-c¢

_T1=5_
3. Z=—5"=1

GATE-CS/IT-1-569
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From table of areas under normal curve,
required probability = 0.5 0.3413 =0.1587

X-175

32. Z=

Whenx=61,z=§1;—75=-2

WhenX =89,Z = '7'75 =2
Area under the normal curve between Z = — 2
and Z=2is 2x0.4772 =0.9544.

. number of students = 100x 0.9544
=95 (nearly)

" WhenX =600,Z = @_5:0__5ﬂ =2

Area of the shaded part =0.5-0.4772
=0.0228

Given N x 0.0228 =228 . N = 10000

0.4772

When X = 800,Z =2
Area of the shaded part = 0.5-0.4772
=0.0228

GATE

. number of teachers satisfying the condition
= 3000 x 0.0228 = 68

0.4772
2
X — 500
35. 2=

When X =400,Z=-1 .
Area of the shaded part =0.5-0.3413
=0.1587

. number of candidates = 500 x 0.1587 ~ 79

0.3413
-1
36, 72X = 8075
5
When x=89,z=§'—52§= 1.65

Area of the shaded part
=0.5 - 0.4505 (from tables)

=0.0495
Number of candidates satisfying the condition

0.4505

%

1.65

=600 x 0.0495 ~ 30

[/
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_X-6
37. Z= 3
X<OmeansZ<-2
Area of the shaded part =0.5- 0.4772
=0.0228

0.4772

-2

8. 2=%2 8
* Area of the shaded part =0.5-0.025
(from data given)
=0.475
Corresponding value for Z from table of
areas = 1.96 ’

4

. X — 46
S 1.96= TorX=49+6x1.9661

6

0.025

39. Since X, Y are independent and normal,
V =X -Y is normal with mean 1 - 2 = - |
and variance 9 + 16 = 25,
. Mean of V = — 1 and Standard deviation of

V=35,
N + 1
Now Z = VS

S P(V+1<0)=P(Z<0)

61

= area of the shaded part .
=0.5

0

" | 3. DISCRETE MATHEMATICS |

3.1 SETS

Introduction

Set: A set is intuitively understood as a well-de-
fined collection of objects. The objects are called
the elements or members of the set; we also say
that the objects belong to the set. A set has to be
conceived as a whole.

The objects of a set can be anything (numbers,
rivers etc.). They have to be definite and distin-
guishable. That is (i) given a set and an object we
must be able to say definitely whether the object
belongs to the set or not and (ii) also we must be
able to distinguish between one object and another.
“ An element x belonging to a set A will be de-
noted by x € A. So x ¢ A means x is not a mem-
berofAie.,xe A= |(x € A).

IfA=1{0,2,4,6,8 ...} then we can write A =
{x| x is an even integer= 0}. N
Empty set: A set containing no elements is called

- an empty set or null set or veid set. It is denoted

by ¢. ;
Singleton set: A set consisting of only one ele-
ment is called a singleton set.

Thus if A= {x | 5x - 3 =0, x is an integer} then

A=¢(.x= g which is not an integer).
IfB={x|x+8=9}thenB={1}.

Finite and Infinite sets: A set A is said to be fi-

nite if either A = ¢ or there exists a natural num-

ber n such that A has n elements. A set which is

not finite is said to be infinite.
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C={1, 3,5, 10} is a finite set whereas

1=1{1,2,3,4, ..} is an infinite set.

Equal sets: Two sets are equal if and only if they
have the same elements.

Observe that the sets ¢, {¢}, {0} are unequal.
Subset: A set A is said to be a subset of a set B, if
each element of A is an element of B. We write
then AcB. ThusAcBeoxe A—oxe B. It
is immediate that two sets are equal if and only if
each is a subset of the other. Thus,

A=Bo AcBandBc A.

Power set: For any set A, the family of all subsets of
A is called the power set P(A) is of A.If A has n ele-
ments then P(A) has 2n elements.
Universal set: In any mathematical dlscusmon all
the sets under consideration are likely to be sub-
sets of a non-empty fixed set known as the uni-
versal set E.
Proper subset: A set A is a proper subset of a set
B, if A< Band A#B. We write A < B.
Indexed set: Let I be a given set. For each i€ I,
let there be associated a set S;. Then the set I is
called the index set and the sets §;, Sj,‘ ... are
called the indexed sets.
Union of sets A, B: AUB = {x|xe Aorxe B}
={x|xe Avxe B}
Intersection of sets A, B:
' AnB—{x|xeAarxdxeB}
={x|xe AAxe B}
Difference or Relative complement:
A-B ={x|xe Arxe B}
Complement of a set: Let E be the universal set.
Then E — A denoted by A or A’ is called the com-
plement of A.

Thus A={x|xe EAxg A}=E-A,

Observe that A—~B=ANB=A—(ANB)

Symmetric difference or Boolean sum

AAB=(A-B)u(B-A)

={x|xeAVxeB}=A®B
A B
L 7\ A
o J \ Y
L ] \ |
L J 1 3
& 4 1 J
1 | 5 ]
1 i a 7
kY A A J
\ A A 4
Ny VA e

Fig. Venn diagram for A©® B
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1t can be easily shown that,
AAB=BAA
AAdp=0AA=A
AAA=¢ and AAB
=(AnB)u(AnB)

Ordered pair: An ordered pair consists of two
objects a and b in a given order; when the first co-
ordinate is ‘a’ and the second is ‘b’, the ordered pair
is denoted by (a, b).

Two ordered pairs (a, b) and (c d) are equal iff
a=candb=d.
Cartesian product: The Cartesian product of two
sets A and B is the set of all ordered pairs (a, b)
where a€ A, b e B. It is denoted by AX B (read
as A cross B). Thus

AxB={(a,b)lac A,be B}
The Cartesian product of n sets Ay, A,, ... A,
is A X Ay X ... x A, = {(ay, 2y, ..., a,)|a; € A,
i=1,2,..,n}

(aj, ay, ... a,) is called an n-tuple.
Remark (i): If A contains m elements and B con-
tains n elements then A x B has mn elements.

({i)) AxB=BxAeA=¢orB=¢or
: A=B

Problem: Match List I (sets) with List II (Exam-
ples)

List I List IT
A.AUBcAuUCbHut 1.A={ab,x},B={y},
BgzC C={x,y}
BAﬁBCAﬁCbut 2»A={a,bv })B={a’d}’
BgC - C={a, e} v
C.AUB=AUC but 3.A={p,q x},B={x,1},
B#C C={y,r ,
D.ANB=ANnCbut 4. A={a,y, z}, B={x z},
B=C C={q,y,2
Codes
A B C D
(@ 3 4 2 .
®) 3 4 1 2
(¢) 4 3 2 1
d) 4 3 1 2
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Problem: A person was asked to conduct an en-
quiry into the reading habit of the magazines Qut-
look, Time and Femina by 100 people. He
presented the following report about the number
of people who read the various magazines:

All the three magazines 10, Femina but not Time
39, Outlook only 20, Femina and Outlook 19,
Time 51 Femina and Time but not Outlook 6,
Time and Outlook 20.

The report was dismissed as baseless. Why?
Solution: Let O, T and F denote the sets of people
reading Outlook, Time and Femina respectively.
In the Venn diagram, marking the number of peo-
ple in the respective region we have Figure for

0 T

i) 55
(D
R

the report. Counting the number of people in the
various regions, we get
20+10+25+6+30+9+10=110
But the total number interviewed is only 100:
Hence the report is a fabricated one.
Problem: Decide if the following are true or false.
If true mark T and if false, F.
(a) ac {a, b} ‘
(b) {a} c {a, b}
() a={a}
(@) {3} < {{1,2}, 4, {2,3}}
(e) o< {0}
® o {6}

(® {0}co
(h) Every set has a proper subset

(i) Ae PA)
() AcPA)
(k) The set of all rationals between 0 and 1 is
finite
(I) Every subset of the infinite set is mﬁmte
Solutlon @F®T@EF (d) F (e) T, since empty

set 15 a subset of each set. (f) T (g) F, since {¢} has ,
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one element ¢ and ¢ has no element. (h) F, since
null set does not have any proper subset (i) T (j) F
(k) F (1) F, since {1, 2} is a finite subset of the
infinite set {1, 2, 3, ...}.

Problem: What can you say about P and Q if

(@ PnQ=P (b)PuUQ=P

(c) P®EQ=P DWPNQ=PUQ?
Solution

(@ PcQ (b)QcP

(©) Q=0 @P=qQ.
Problem: If A = {a, b, {a, b}, ¢} find

(a) A-{a} (bA-¢

(¢) A-{a, b} (d)A - {a,c}

For example, A — {a} = {a, b, {a, b}, 0}- {a}
= {b, {a, b}, ¢}
Solution

(@) {b, {a,b},0} (b)A .
(©) {{a,b},0}  (d){b, {a, b}, ¢}

~ Problem: If A = {a, b, c} and B = {1,2} compute

A X B and B X A. Are they equal?

Solution
AxB={(a,1),(@a2),(b,1),(b,2),(c1)(c,2)}
BxA={(1,a), (1, b),(1,c), (2, a), (2 b), (2,¢)}

A><B¢B><A

OBJECTIVE QUESTIONS

1. Which of the following statements is false?
(a) If A= {x:xis a letter in the word ‘life’}

and
= {x : x is a letter in the word ‘file’}
then '
A=B

(b) The set {1, {2, 3}} has four subsets
(©) P(9)= {0, {0}}
(d) For any two sets A and B,
(A-B)n(B-A)=0¢
2. A, B, C are arbitrary sets. Which of the fol-
~ lowing statements is true?
@ AnB=¢,BNC=¢=>ANnC=¢
(b) AXBNC)=(AxB)n(AxQC)
(¢) If A has.n elements and B has m ele-
ments, n # m then A — B has n — m ele-
ments

(d) (A-B)u (B - A) AUB
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3

. Match the sets in I with those in IL.

I I
(A)Ax(B-0) Mo
(B)A\«(BUC) () (ANnC)xB
(O)(A-B)n(B-A) (iii))(AxB)-(AxC)

M (AxB)A(CxB) (iv(A-B)-C

Then the correct matching is
(@) (A) - (i) B)- (@) (O -(@v) (D)-(i)
(®) (A) - (ii)) B)-(Gv) ©)- () D)- ()
© @) -Gi) B)- @O O-3G) O-G)
@A) - (i) (B)-(ii) (©)-@Gv) D)- ()

4. (HIfA={ab, {a, c}, ¢} then {a} - {A} =¢

(i) A-B=B-A

Of the statements (i) and (ii),
(a) Both are true

(b) Both are false

(¢) (i) is true and (ii) is false
(d) (i) is false and (ii) is true

C={1,3,5,7},D={2,3,6} and E = {2, 6}.
Which set can equal X if we are given the
information X < A but X € B?

(a) X=B,E

() X=A,C,D

(¢) X=Conly

(d) none of the sets can equal X.

6. Let the universal set E be the set of all natural

numbers less than 20. Let

A= {x | x is a prime less than 23}

B = {x| x is divisible by 3, x< 15} and
C = {x | x is an odd number less than 18}
Then(ANB)UANC) =

(a) {3,5,7,11,13}

(b) {3,5,7,11,17}

(¢) {5,7,11,13,17}

(d) {3.5,7,11,13,17}

whom “speaks atleast one of the languages
English, Hindi and Bengali. 31 speak En-
glish, 36 speak Hindi, 27 speak Bengali, 10
speak both English and Hindi, 9 speak both
English and Bengali,. 11 speak both Hindi

and Bengali. Then the minimum number of

people in the group is

Let A={l,2, 3,456 7}, B=1{24,6},

It is known that in a group of people each of

i0.

il.

12.
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(a) 60 (b) 55
{c) 64 (d) None of these
In a survey of 1000 families in a township it

‘was found that 458 families had T.V. sets,

820 ‘had Radiogram, 600 had Tape
Recorders; 294 families had both T.V. set
and Radiogram, 277 had both Radiogram and
Tape Recorder, 190 had both Tape Recorder
and T.V. set. Then the number of families
having Radiogram only is

(a) 132 (b) 123

(c) 83 (d) None of these -

Out of 100 students in a college, 39 play ten-
nis, 58 play cricket and 32 play hockey, 10
play cricket and hockey, 11 play hockey and
tennis, 13 play tennis and cricket. The num-
ber of students playing tennis and cricket but
not hockey is
(a) 8

(c) 24

()5
(d) None of these

‘Which of the following statements are true?

(a) P(A)n P(B) = (AN B)

(b) A\B\C) = (A\B)\C

(¢) n(A)=n(B)=>A=B

(d) n(A\B) =n(A) - n(B)

In a room containing 28 people there are 18
people who speak English, 15 people who
speak Hindi and 22 people who speak
Kannada, 9 persons speak both English and
Hindi, 11 persons speak both Hindi and
Kannada, whereas 13 people speak both
Kannada and English. Then the number of
people who speak all the three languages is
(a) 9 (b)8

(c) 7 @6

The results of an examination (having three
parts) are as follows:-

Failed in all the three parts 20

Failed in Part I only 50
Failed in Part II only 45
Failed in Part Il only 40
Failed in Parts I and II 30
Failedin Parts T and 111~ 33

Failed in Parts III and | 23

Then the total number of candidates who
failed is ‘
(a) 181
{c) 46

(b) 135
“(d) None of these
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KEY
1. (©) 2. (b) 3. (b 4. (d)
5. (b) 6. (d) 7. (¢) 8. (a)
9. (a 10. 3 11. (d) 12. (a)
EXERCISE

1.IFA={1,2,3,4},B=(3,4,6, 8} and C =

{2,4,5,6} find AUC, An B, Cn A,
AuBNC),A-B,(C~A)-Band CAB.

2. In a town 5600 persons read newspapers. Of
these 3000 persons read The Hindu, 2000 read
The New Indian Express and 300 read both.
How many read neither?

3. IfA={1,4},B={4,5},C={5,7} find
(AxB)U (A xC)and (AxB)n (A xC).

4. Find x and y given that (x - 6, 2y+1)=
=x,y-1).

5. Find the number of elements in éach of the

following sets.
(@) P({a, b, {a, b}})
(b) P(P{0})
(¢) P(P(9)
6. Let A = {a, b, d}, B = {d, b}. Find a suitable
set X for each of the following:
) XcAandBcX (ii)XcB
(i) XcAand XcB({iviAcXand Xc A
(V)X Z Aand X € B.

ANSWERS

1. AUC={1,2,3,4,5,6}; AnB={3,4);
CnA=1{24)
AUBNC)=(1,2,3,4,6}; A-B={1,2};
C-(A-B)={5},CAB=1{2,3,5,8).

2. 900

3. (AXB)U(AXC)={(1,4),(1, 5), (4, 4),

@, 5),(1,7), 4, 7)}.
(AxB) N (AxC)={(1, 5), 4, 5)}.

4. x=-3,2;y==-2

5.(a)8,(b)4,(c)2

6. ()X=B (i) X = {b}, {d}, B, ¢
(iii) X=B, ¢ (iv) X=A

(v) X = {a, c}.
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3.2 RELATIONS

Introduction

1. Binary Relation: A and B are any two sets. A
binary relation R from A to B is a subset of
AXB, (a,b)e RisalsowrittenasaRb. IfRis a
subset of A X A, then we say that R is a (binary)
relation on A.

If A has m elements and B has n elements then
there are mn elements in A X B and so 2mn subsets
for A x B. That is, there are 2mn different relations
from A to B. -

The domain of a relation R is the set of all first
elements of the ordered pairs which belongs to R
and the range of R is the set of all second elements.
Example: Let A = {1, 2, 3,4}, B= {3, 5}. Then
AxB={(1,3),(1,5), (2 3),(25), 3, 3),3, 5),
4,3),(4,5)}.

Consider R = {(1, 3), (1, 5), (2, 3), (2, 5), 3, 5),
4, 5)}.

Then R ¢ A x B and so R is a relation from A to
B. The element (1, 3) of R is such that its first coor-
dinate 1 is less than its second coordinate 3. Similar-
ly, for other elements of R. Actually R is the relation
“is less than”.

The domain of R = {1, 2, 3,4} = A.

The range of R = {3, 5} =B.

2. Representation of Relations on finite sets

1. Arrow diagram: Write the elements of A and
B in two disjoint discs. Draw an arrow froma € A
to b € B whenever a is related to b. The picture
thus obtained is known as the arrow diagram.
The arrow diagram of the relation of the above ex-

~ ample is given in Figure below.

A B

33
I

W N =

Fig.
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2. Matrix of the relation: Form a rectangular ar-
ray whose rows are marked by the elements of A
and whose columns are marked by the elements of
B. Put 1 or 0 in each position of the array accord-
ing as.a € A is or is not related to b € B. This ar-
ray is known as the matrix of the relation.
In the example cited, | € A is related to 3 € B un-
der R. Therefore, the entry in the first row, cok
umn under 3 of the matrix is 1. Similarly, fill up
the other entries.

Note that (3, 3) ¢ R. So the entry in the 3rd row,
first column is 0. Thus we get the following table.

3 5
1 1 1
2 1 1
3 0 5
4 0 5

3. Directed graph of a relation: Let R be a rela-
tion from a finite set A to itself. Write the ele-
ments of A and encircle each element; then draw
an arrow from each element a to each element b
whenever a is related to b under R. The diagram
so obtained is called the directed graph of the
relation R.
. Example: Let A = {1, 2,3, 4} and

let R = {(1, 1), (1,2), (1,4),(24), 3,2, 3,4,
4,1} c AxA.

Then the directed graph of R is as in Figure (a).

Observe that there is an arrow, from 1 to 1 since

(1, 1) e R.

Fig. (a)
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A R B S C

-
r’!

Fig. (b)

4. Inverse Relation: Let R be a relation from
A to B. Then its inverse relation, denoted by R,
is a relation from B to A consisting of those or
dered pairs which when reversed belong to R.

That is,

R™!={(b,a)|(a,b) € R}.
Example: Let A= {1,2,3} and B= {a b, ¢} and
R = {(1, a), (2, a), 3, o), (2 b)}. Then
R = {(a, 1), (a 2), (c, 3), (b, 2)}.
Composition of Relations: Let A, B, C be sets.
Suppose R is a relation from A to B and S is a
relation from B to C. Then the relation from A to

C, denoted by R © S and defined by

R oS = {(@,c)(a, b) € R, (b, ¢) € S for some
b e B} is called the composition of R and S. (Some
prefer to denote this relation by S ¢ R instead of
R e S). _
Example: Let A = {a, b, ¢}, B = {1, 2, 3},

= {x, y} and let R = {(a, 2), (b, 2), (¢, 2)} and
S = {(1, x), (2, y), (3, y)}. Figure (b) shows
the arrow diagram of R and S. Note that there
is an arrow from a to 2, followed by an arrow

" from 2 to y. Thus the element 2 € B connects the

element a € A to the element y € C. So (a, y)
€ R ¢ S. No element of A is connected to the ele-
ment x of C. Thus Re S = {(a, y), (b, ¥), (¢, )}
Types of Relations: Let R be a relation on a given
set A.
Reflexive relation: R is saxd to be a reflexive
relation if aRa for all a € A; that is, (a, a) € R for
allae A.

R is not reflexive if there is at least one element
a € A such that (a, a) € R. R is said to be irreflex-
ive if no element is related to itself. i.e., (a, a) € R.
For any a in A.
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Symmetric relation: R is said to be a symmetric
relation if aRb = bRa for all a, b € A; that is,
(a,b)e R=>(b,a)e Rforalla,be A.

R is not symmetric if there exista, be A, a#b

such that (a, b) € R but (b, a) ¢ R.
Transitive relation: R is said to be a transitive
relation if aRb, bRc = aRc for all a, b, c € A;
that is (a, b) € R, (b, ¢) € R = (a, ¢) € R for all
a,b,ce A

R is not transitive if there exist a, b, c € A, not
necessarily distinct, such that (a, b) € R, (b, ¢) € R
but (a,c) ¢ R.

Equivalence relation: R is said to be an equiva-
lence relation if R is reflexive, symmetric and
transitive.

Anti-symmetric relation: R is said to be an
anti-symmetric relation if aRb, bRa = a = b;
thatis (a,b)e Rand (b,a)e R =>a=b.

R is not anti-symmetric if there exist elements
a,be A, a#bsuchthat(a, b)e Rand (b,a)e R.
Partial Ordering Relation: R is said to be a par-
tial ordering or a partial order if R is reflexive,
anti-symmetric and transitive.- A set A together
with a partial ordering R is called a partially or-
dered set or poset.

Diagonal line of A x A: A= {(a, a)ja € A} is
called the diagonal line of A x A or equality rela-
tion on A.
Example: Give an example of a relation defined
on a suitable set which is
(a) an equivalence relation
(b) reflexive, symmetric but not transitive
(c) reflexive, transitive but not symmetric
(d) symmetric, transitive but not reflexive
(e) reflexive, but is neither symmetric nor
transitive
(f) symmetric, but is neither reflexive - nor
transitive
(g) transitive, but is neither reflexive nor sym-
metric
(h) neither reflexive nor symmetrlc nor transi
tive
(i) a partial-ordering relation
(j) reflexive, transitive but not anti-symmetric
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] Solution: Let A = {1, 2, 3}

@) R, = {(1, 1), (2, 2), (3, 3)} is reflexive,
symmetric and transitive. So R; is an
equivalence relation.

(b) Ry ={(1,1),(2,2)(3,3),(1,2) 2, 1),

(1, 3), (3, 1)} is clearly reflexive and
symmetric. It is not transitive, for
(2,1)e Ry, (1,3) € Ry but (2,3) ¢ R,.

() Ry ={(1, 1), (2, 2), (3, 3), (1, 2)} is re-
flexive and transitive. It is not symmetric
since (1,2) € Ry but (2, 1) ¢ R;.

(d) Ry = {(1, 1)} is symmetric and transitive
but is not reflexive since (2, 2), (3, 3) are
not in Ry.

(©) Rs={(1,1),(2,2),3,3),(1,2),(2,3)} is

- clearly reflexive. It is not symmetric since
(1, 2) € Rs but (2, 1) ¢ Rs. It is not
transitive since (1, 2), (2, 3) € Rg but
(1,3) ¢ Rs.

® Rg={(1,1),(2,2),(2,3)(3,2)} is clear-
ly symmetric. It is not reflexive since
(3, 3) € Re. (3, 2), (2, 3) € R4 but
(3, 3) € Rg. .. R is not transitive also.

® R;={(1,1),(2,2),(1,2)} is transitive. It
is not reflexive since (3, 3) & R,. It is not
symmetrié ‘also for (1, 2) € R, but

(2,1)e R,

(h) Rg = {(1, 2) (2, 3)} is neither reflexive,
nor symmetric, nor transitive.

(1) Rg = {(1, 1), (2, 2) (3, 3)} is reflexive,
anti-symmetric and transitive. So it is a
partial ordering relation. .

() Rjo = A x A is reflexive and transitive
but not anti-symmetric.

(" (2,3)€Ry,(3,2) € Rgand 2 # 3).

Problem Find the relation determined by the

directed graph of the following Figure:
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Fig.
Solution: Let A = {1,2,3,4,5}. The relation is

). (2.3).(4.1),
(4,4),(4.5)}

It is not reflexive (~-(1,1)&R); not symmetric
(- (1,2)e Rbut(2,1)eR); not transitive (.- (1,4),
(4,1) € Rbut(1,1)¢ R); not anti-symmetric
¢ (L4), (41) eR,1#4) :
Problem: Let X={1,2,3,......10} . Define ~ on X
by x~y < x+y=10-Find if ~ is reflexive, sym-
metric or transitive.
Solution: 1 +1=2#10...1 #1andso ~ isnot reflex-
ive. Suppose x ~y. Thenx+y=10 ..y +x=10.
That is, y ~x. Thus ~ is symmetric.

Suppose x ~y,y ~z. Thenx +y =10,y +z=10
so that x =z. Sox +z (taking x =z=1, 1+1)

~ is not transitive.

Problem. Find the smallest and largest equiva-
lence relations on a set A. _
Solution: The largest equivalence relations on A
is AXA.AxXA is called the universal relation;
¢ is called the empty relation. Let A be the di-
agonal line of AXA . Then Ais an equivalence
relation on A. If R is any other equivalence rela-
tion on A, then R contains A. . A is the smallest
equivalence relation on A.
Problem: What is wrong with the following proof
that symmetry and transitivity imply reflexivity?
a~b=b~a(. ~issymmetric)
sa~b,b~a=>a~a(. ~is transitive)
s.a~a andso~ isreflexive
Solution: Note that only for those a which are related
to b by~ we get a ~ a and not for all a.
symmetry and transitivity = reflexivity
Problem: Let N ={1,2,3,.....}= set of all natural
numbers. Verify if the relation ~ defined in N X N
is an equivalence relation in each of the following
cases:

R={(1,2),(1,3), (1.4

(i) (a,b)~(c,d) & a +d=b+ ¢
(i) (a,b)~(c,d)e>ad=bc
Solution: NxN={(a,b)|a,be N}

| @) (@) < a+d=b+c(given)

(a) (a,b)~(a,b) for all (a, b) € NxN, since
a+b=Db+ais true. .. ~ is reflexive.

(b) If (a,b)~(c,d), thena+d=Db +c; that is,
c+b=d+aandso(c,d)~(a, b). Hence ~
is symmetric.

(¢) If (a,b)~(c,d)and (c, d) ~ (e,f), then
a+d=b+cand c+f=d+e.Adding,
a+d+c+f=b+c+d+e
or a+f=b+e. ~(a,b)~(ef)

Thus ~ is transitive.
Hence ~ is an equivalence relation.

i) @B)~ D e ad=be
(a) (m) for all a b eNxN since

b aistrue...~ is reflexwe
(b) (a,b) ~(c,d) =ad=bc
=>cd=da
= (c,d)~(a,b)
..~ is symmetric
(¢) (a,b)~(c,d)and cb~(e,f)
=> ad =bcandcf=de

= adcf = bede
=> af = be

= (a,b) ~ (e, f)

. ~ is transitive. So ~ is an equivalence relation.
Congruence: Let n be any positive integer. If a, b
are any two integers and n divides a — b, then we
say that “ a is congruent to b modulo n” and we
write a =b (mod n). '

14 =2(mod 4)since 4divides 14-2.
Problem: Let n be any positive integer. Then the
relation “is congruent to modulo n” is an equiva-
lence relation on the set of all integers Z.

Solution: For any ac Z, a—a=0 andn IO (read as n
divides 0) '
s.a=a(modn); so = is reflexive.
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Nowa=b(modn) =sn|(a-b)
=n|(b-a)
= b=a(modn)
© o= 1is symmetric.
Again, a=b (mod n), b= ¢ (mod n)
=n|(a-b)andn|(b-c)
=n|(@a-b+b-c¢)
=n|(a-c)
= a=c (modn)

" = is transitive. Thus = is an equivalence rela-

tion.
Problem: Show that the relation of set inclusion
C is a partial order in P(S). .
Solution: Let A, B, C € P(S).
(i) Since A c A, c is reflexive

(i)AcB,Bc A= A=B. . cis ant-
symmetric

(ii)AcB,BcC= AcC. .. cis transi-
tive.

Thus ¢ is a partial ordering relation in P(S).
Partition: Consider the set A = {1,2,3,4,5,6} and
the sets A, = {1,2}, A, = (3,5, 6}, A; = {4}.

Then the family A = {A;, A,, A;} has the follow-
ing properties:

(i) Ay, Ay, Az are non-empty subsets of A.

(A=A UAUA,.

(iii) For any sets Ai, AJ either Ai =Aj OI'AI' M AJ = q)

Such a family of sets is called a partition of A.
Precisely, let A be any set. A collection of pairwise,
disjoint, non-empty subsets of A whose union is A is
called a partition of A. Also every equivalence rela-
tion on a set A gives rise to a partition of the set into
equivalence classes or equivalence sets. Converse-
ly, any partition of a set determines an equivalence
relation R such that the members of the partition are
precisely the equivalence classes defined by R.

Let R be an equivalence relation on A. For .any
a € A, the set [a] = {x € AJx R a} is called the
‘equivalence class determined by a.
Problem: Find the partition of the set A = {1,2,3}
defined by the equivalence relation aRb <> a = b.
Solution: R = {(1, 1), (2, 2), (3, 3)}. The members
of the partition are precisely the equivalence class-
es determined by the elements 1,2,3 0f A.
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[l1={xe AlxR1}={xe Alx=1}= {1}.
Similarly, [2] = {2} and [3] = {3}. Hence the
partition is {{1}, {2}, {3}}.
Problem: Find the equivalence relation induced
by the partition {{1}, {2, 3}} of the set {1, 2, 3}.
Solution: Let R be the equivalence relation in-
duced by the given partition.
R is defined by
aRb ¢ a and b both belong to the same member .
of the partition.
Let {1} =A}, {2,3} = A,.
Since, 1 and 1 belong to A, (1, 1) € R.
Similarly, (2,2), (3,3)e R.
Also 2 and 3 both belong to A,.
~(2,3),3,2)eR.
Thus R = {(1, 1), (2, 2), 3, 3), (2, 3), 3, 2)}
which is clearly an equivalence relation.

OBJECTIVE QUESTIONS

1. Which of the following statements is true?

(A) Every equivalence relation is a partial-
ordering relation.

(B) The number of relations from
A={x,y,z} to B= {1, 2} is 64.

(C) The empty relation ¢ is reflexive.

(D) The properties of a relation being sym-
metric and being anti-symmetric are neg-
atives of each other.

2. Which of the following statements is false?

(A) If R is reflexive, then R A R # 0.

B)RAR '= ¢ = R is anti-symmetric.

(C) If R, R’ are equivalence relations in a set
A, then R n R’ is also an equivalence re-
lation in A. :

(D) If R, R’ are reflexive relations in A, then
R — R’ is reflexive.

3. LetA=1{1,2,3,... }. Define ~ by x ~y & x

divides y. Then ~ is
(A) reflexive, but not a partial-ordering
(B) symmetric
(C) an equivalence relation
(D) a partial-ordering relation

4. Let A={l, 2, 3}. Then the relation
S={(1,1),(2,2)} is
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(A) symmetric only

(B) anti-symmetric only

(C) both symmetric and anti-symmetric

(D) an equivalence relation

Let A = {1, 2, 3, 4}. Let ~ = {(1, 2), (1, 3),
(4,2)}. Then~i

(A) not anti-symmetric

(B) transitive

(C) reflexive

(D) symmetric

. Let R = {(1, 2), (2, 3), (3, 3)} be a relation

defined on A = {1, 2, 3}. Then R o R (= R?)
is

(A) R itself

B) {(1,2),(1,3),(3,3)}

(©) {(1,3),(2,3), (3, 3)}

D) {(2, 1), (1,3), (2, 3)}

. The universal relation AX A on A is

(A) an equivalence relation

- (B) anti-symmetric

(C) a partial ordering relation
(D) not symmetric and not anti-symmetric

. The total number of different partitions of a

set having four elements is
(A) 16 (B)8
)15 D)4

. A partition of {1, 2, 3, 4, 5} is the family

(A {{1,2}, {3,4}, {3, 5}}
(B) {9, {1,2}, {3,4}, {5}}
(©) {{1,2,3}, {5}}

M) {{1,2}, {3,4,5}}

KEY
1. ® 2. (D) 3. (D) 4. (C)
5. (B) 6. (O) 7. (A) 8. (O)
9. (D) '
EXERCISE
. In the set Q of all rationals, let ~ be defined by |

a~boa= E];

tion (ii) a partial ordering relation?
./’ /

. Is Q (i) an equivalence rela-

.InN={1,2,3,...

GATE

} define a relation p by apb
&> a is a multiple of b. Is p a partial order in
N?

. Find all the relations from {1, 2} to {3, 5}.
. Express the relation ~ from A =

{3,5,7,9, 11}
into B = {2, 6, 8, 10} as a set of ordered pairs
defined by the sentences (i) ~: “is one less
than” (ii) ~: “is a multiple of” (lii)a~b ¢ a
and b are relatively prime (Two integers are
said to be relatively prime to each other, if their
greatest common divisor is 1. For example,
4 and 15 are relatively prime) (iv) ~: “divides”.

. For each of the following relations on the set

{1, 2, 3, 4}, decide whether it is reflexive,
symmetric, anti-symmetric, transitive.

(@) {(2,2),(2,3),(2,4),3,2),3,3),3,4)}

® {(1,1),(1,2),(2,1),(2,2),6,3), 4, 4)}
©) {(2,4),(4,2)}

@ {(1,2),(2,3), G, 4}

® {(1,3),(1,4),(2,3),(2,4),3, 1), 3,9}

. Let R be a reflexive relation on a set A. Show

that R" is reflexive for all positive integers n.

n times

. What can you say about the equality relation

A and any reflexive relation R on a set A?

. How many relations are there on a set with n

elements which are reflexive and symmetric?

. On B = {1, 2, 3}, find which of the following

relations is a partial-ordering relation?

(@ R;=1{(1,2),3,2),(2,2), 2, 3)}

() R, ={(3,2)}

(© Ry={(1,1),(2,2),3,3),(1,3),3, 1)}
@) Ry={(1, D}.

10. Verify if the set {1, 2, 3, 4} with the usual< is

a poset.

11.1f a relation R is a partial order in a set S,

show-that the inverse relation R™! is also so.

12. Find the partition of the set of all integers-in

which the equivalence relationa~bé& a-b
is a multiple of 5 is defined.
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13. Find the equivalence relations induced by the
following partitions in the set A = {a, b, ¢, d}:-
(i) {{a}7 {b}’ {C}, {d}}
(i) {{a,c}, {b, d}}
@iii) {{a, c,d}, {b}}
(iv) {{a, b, c,d}}

ANSWERS

1. (i) ~ is not an equivalence relation since it is
not reflexive. (ii) ~ is not a partial ordering
relation for the same reason.

2. Yes. _ '

3. Members of P(S), where S = {(1, 3), (1, 5),
(2,3), (2,5}

4. {5, 6),(7,8),(9,10)}

(i) ¢
@ii) {(3, 2), (3, 8), (3, 10), (5, 2), (5, 6), (5, 8),
(7,2),(7,6),(7,8), (7, 10), 9, 2), (9, 8),
9, 10), (11, 2), (11, 6), (11, 8), (11, 10)}
(iv) {(3, 6), (5, 10)}

5. (a) not reflexive, not symmetric, not antx—sym-
metric, transitive only
(b) reflexive, symmetric, transitive
(¢) not reflexive, symmetric, not transitive,
not anti-symmetric
(d) not reflexive, not symmetric, not transi
tive, only anti-symmetric :
(e) not reflexive, not symmetric, not transx-

" tive, not anti-symmetric

6. Hint: Use induction
7. AcR

n(n.— 1)
8. 2 ?

9. All the relations are not partial orders.
10. Yes.

11. Hint: Use the definition of R |
12. {[0], [1], [2], [3], [4]1}
13. (i) R = {(a, a), (b, b), (c, ¢), (d, d)}
(i) R = {(a, a), (b, b), (c, ©), (d, d), (a, ¢),
(c, a), (b, d), (d, b)}
(iii) R = {(a a), (b, b), (c, ¢), (d, d), (a, ¢),
(c, a), (a, d) (d, a), (¢, d), (d, ¢)}
(ivVR=AXA

71

3.3 FUNCTIONS ,

1. Function: Let A and B be non-empty sets. A
function or a map f from A into B is a rule which
assigns to each element a € A, a unique element
b € B. We write b = f(a). The element b is called
the image of a under f; a is called the pre-image
of b.

A B

f
N
f(a)
Fig.
A B
’4
Fig.
C D

Fig. (a)

We write f: A— B or Af—— B (read as fis a
function from A into B).

The set A is called the domain of f; the set B is
called the codomain of f. The set f(A) = {f(a)/a
€ A} is called the range of f.

Graph of a function: Let f: A — B be a func-
tion. Then for each a € A, we get the unique ele-
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ment f(a) in B. Thus, for each a € A, we have an
ordered pair (a, f(a)). The collection of all such or-

dered pairs (a, f(a)) where a € A, constitutes a

subset of A x B. This subset is called the graph of
f and is denoted by graph f.
Thus, graph f = {(a, f(a))la e A}

For example, the graph of f defined by the ad-

joining diagram is

{(1,4),(2,5), 3,4}

Observe that the rule h defined by Figure (a) is
not a function, since n € C has no image (that is,
there is no arrow emanating fromn € C).
Well-defined function ‘

-~ A function f: A — B is said to be well-defined if

a) =ap = f(a;) =f(ay), a), a, € A.
Equal functions: Two functions f and g are said
to be equal (written as = g) if

(i) domain of f = domain of g

(ii) codomain of f = codomain of g

(iii) f(x) = g(x), for all x in the domain of f.

2. Types of Functions: Let f : A — B be a
function. .

Onto (surjective) function: If each element of B
is the image of some element of A under f, that is,
if f{A) = B, then f is said to be an onto function.
One-one (injective) function: If distinct elements
in A have distinct images in B under f, then f is
said to be a one-one function.

i.e., ifal #Fady = f(a,) # f(az), A, a4y € A

or if f(a)) = f(ay) => a, = a,, then f is one-one.

Bijection (One-to-one correspondence) A
function which is both one-one and onto is called
a bijection or a bijective function.

Constant function: If the same element b € B
is assigned to each element of A, then the function
is a constant function. (see Figure (b), for exam-
ple)

A B

“!

Fig. (b)
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Identity function: .Let A be any set. Then the
function f: A — A defined by f(a) = a, for all
a € A is called the identity function, denoted by
1 4. (see Figure (c), for example)

Fig. (¢)

The identity function on any set is always a bi-
jection.

- Absolute value function: R — set of all real num-

bers. Let f : R — R be defined by

X, x 20
f(x)= _
1= x, x<0

Then f is called the absolute value function:
we write f(x) = [x|.

The absolute value function is not one-one
since 2, —2 have the same image 2; is not onto
also, since —1 is not the image of any element of
R.

Characteristic Function: Let A be any set. For
each subset S of A define a function

Xg A - {0, 1} by

XS (a): Il, lfaES,
0,ifae A -S

Xg is called the Characteristic function of S.
Note that X o is a constant function, since it sends
all the elements of A to 1.

Restriction and Extension of a function

Let f: A — B and S ¢ A. Then the function
g : S — B defined by g(s) =f(s) foralls € S is

- called the restriction of f to S and is denoted by

f|S. The function f is called an extension of g.
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Let f : R — R such that f(x) = 2x. Then
fIN={(,2), (@ 4),@3,6), @4, 8), ...} where,
N={1,2,3, ..} ‘

The function F = {(1, 2), (3, 2), (5, 6), (7, 8)} is
an extension of {(3, 2), (5, 6)}.

Let R* = set of all positive real numbers and
f(x) = |x, x € R. Then g : R* - R, such that
g(x) = x is the restriction of f on R+ and so
g=f|R+,

Successor function: N = {1, 2,3, ...}. The func-
tions:N — Nwiths(n)=n+1 V neN is called
(Peano’s ) Successor function. Note that s is not
onto, since 1 ¢ s(N); but s is one-one.

Boolean function: Let B = {0, 1} ‘and let
B" = {(x1, X3, .. . X;) | x; = 0 or 1}. Then a function
f: B" — B is called a Boolean function.

Let x, y be n-bit sequences in B". Let f(x, y)
= XAY.

LLif x=1and y =1

Thenx Ay = -

0, otherwise

Note that this is nothing but an AND gate.
Hash function: Consider 11 boxes numbered 0,1,
2, ...10. We want to store 3 values (integers) in
these boxes. Hash function helps us to choose a
box to store a particular number. For example, an
integer n may be stored in box h(n) = n(mod 11).
12 is stored in box 1, 16 is stored in box 5,39 is
stored in box 6, 63 is stored in box 8§ (12=1 (mod
11), 16 =5 (mod 11), 39 = 6 (mod 11) and 63 = 8
(mod 11)). When we want to store 27 (natural
choice is box 5 since 27 = 5 (mod 1 1)), a collision
occurs as box 5 is occupied by 16. To resolve this
difficulty choose th= next highest numbered emp-
ty box, namely box 7 and store 27. This policy is
known as collision resolution policy. (see Figure
below) '

73

Pigeonhole principle: If n pigeonholes are
occupied by n + 1 or more pigeons, then atleast
one pigeonhole is occupied by more than one pi-
geon. In other words, if f is a function with finite
domain D and target T where |D| > |T|, then f is
not one-one (Here |D| stands for the number of el-
ements in D).

Compeosite of functions: Let f: A — B and
g : B — C. Then the composite of f and g, denot-
ed by g o f, is a function from A into C defined by
(gof) (a)=g(f(a)) forallae A.

f

A——3A
gof .
Fig.

For example, if f: R - Rand g: R — R are
defined by f(x) =x + 2, g(x) =x - 2
then (g o f) (x) = g(f(x)) =g(x +2) =x +2 -2
=xand
(fog) (x)=flgx) =fx-2)=x-2+2=x
Also (fo f) (x) =f(f(x)) =f(x +2)=x +2+2
=x+4
(8o8) () =glg) =gx-2)=x-2-2
' =x-4
Inverse Function: Let f: A — B be a bijection.
Then the map f~! : B — A which associates with
each element b € B, a unique element a € A such
that f(a) = b is called an inverse function of f. Note
that f-! is also a bijection and fla)=b e fl(b)=a
Also (i) (f1)y 1 =f
() fofl=1p f1of=1,
(iii) (g o ' =1 o g}

12 16 | 39 [@ 63
0 1 2 3 1 5 6 7 8 9 10

Fig. Hashing with collision

O Brilliant Tutorials Pvt. Ltd.

GATE-CS/IT-I-73



vk

74

Countable Sets: A set A is said to be count-
able, if it can be put in one-to-one correspondence
with the set {1, 2, 3, ...} of all natural numbers.

For example, consider the set Z of all integers .

and the set N of all natural numbess.

The one-to-one correspondence between Z and

N is shown below.
N: 1 2 3 4 5 6

{ 1 1 i i {
Z: 0 1 #1 2 =203

The function f : N — Z defining the above one-
to-one correspondence is given by

7 n, if n is even
f(n)=
‘ 1

) (1 = n), if n is odd

An infinite set which is not countable is called
an uncountable set.
Problems with Sclutions

Problem: Prove that the function f: R — R de-
fined by f(x) = 3x - 1, x € R (= set of all real
numbers) is a bijection. Find also f~!.
Solution: Clearly f is well-defined.

Now f(x) = fly) = 3x - 1 =3y -1

=X =Y
. fis one-one.
Let y € codomain R be arbitrary. To show that

f is onto, we have to find an x € domain R such

that f(x) =y.
Iff(x) =y, then 3x - 1=y,sothatx = —}'—5-— ;
. for y € R there exists x = X—» — & domain
R such that

() =3x— 1= Ay 21 )-1 =y -
3

Thus fis a bijection. '

= f1 : R — R exists and is defined by

f(x)=3x‘—1=‘§-§13f—'-)—

f is onto.

e

f—l ( _-_,._.?f__i'._l._
(x) .

" GATE

Problem: A is any finite set. If f : A — A is one-
one, show that f is onto.
Solution: Since f: A — A is a function, f(A) € A.
Also f is one-one = |f(A)| = |A|. Thus f(A) =
A. So fiis onto. 5
Problem: Let f : X — Y. Prove that f is one-one
(written also as 1 - 1) < f(A N B) = f(A) N f(B)
forall A,BcX.
Selution

ANnBgA = f(AnB)cf(A)
Similarly, f{lA N B) ¢ f(B)
- (A nB) ¢ f(A) N f(B) always. (D)
=> Suppose fis 1 — 1. :
In view of (1), it is enough to prove that
fA)Nf(B)c f(ANB) '
Nowye flA)N f(B) =>ye f(A)aye f(B)
=y = f(a), y = f(b) for some
ae A,beB
= f(a) = f(b)
=a=b=xsay (. fisl—1)
=f(x),xe AnB
=ye f(AnB)
Thus f(A) N f(B) < f(A N B) and so
f(A N B) = f(A) N f(B)
Suppose f{A N B) = f(A) N f(B). .. (2)
To prove fis 1 — 1 let f(x;) = f(x;) = t say. As-
sume that x; # x,.
Put A= {x;},B=
flA " B) = f(9) = ¢.
Also t=f(x;) € f(A), t=f(x,) € f(B)
Lte flA)NfB)=f(ANB)=9¢
(on using (2))
This is a contradiction and so x; = x,
A f(X]) = f(Xz) = X1 = X3
ie,fist—1.
Problem: Letf: A— Band g: B — C. Prove or
disprove:-

{x,). Then ANB=o0andso
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(a)gofisl—1=Fisl~1

{b) g o fis onto = g is onto

{c} gisonto= g o fisonto

{(dyfis | -1 wgoﬁsi«l
Solution (a): To prove f(a;) = = flay) = a, = ay, a;,
s & A

Now f(a)) = fla;) = g(f{a)) = g(f(ay))

(" g is a function)
= (8o (a)) =(go 1) (ay)
= 3y “ao( gofﬂl—])

{b) To prove g(B) =C.

Sinceg:B-Cisa function, g(B) ¢ C.

goi' A-Cisonto = (g-f)(A)=C

= g(f(A)) =C
Since f: A — B is a function, fiA) c B
= g (f(A)) ¢ g(B) (- gis a function)

Thus C ¢ g(B)

- g(B)=C.

(¢) We disprove the statement.

LetA={a,b,c},B={1,2,3},C={x,y}

Letf: A— Bandg: B — C be given by
fla) = fi(b) = flc) = 2; g(1) = x, g(2) = g(3) =
clearly g is onto. Now go f: A — C is such that

(gof)(a)=g(f(a)) =g(2) =y

(8o D)=y, (goH(c)=y

This means that x is not the image of any ele-
ment of A and so g « fis not onto.

{d) We disprove the statement.

LetA={a,b,c},B={1,2,3},C={x,y}

Letf: A= B, g: B — C be such that fla) = 3,
fib)=1,flcy=2and g(1) =x, g2) =y, g3) = y.

Clearly fis 1~ 1.

But(go ) : A — Cis such that

(g«f(a)=gB3)=y,

(gof(c)=g2)=y .. (gofisnot -1,
Problem: Show that there is no one-to-one corre-
spondence between a set A and its power set P(A).
(;niution. Suppose there is a bijective function f :

A - P(A). Then the matching is exactly in one of
the following two ways:-

{ij an element is matched with a subset which
contains that element.

(i) an element is matched with a subset which
does not contain it

Call an element a € A, a “dark” element if it is

not in its matching subset; that is, if a¢ f(a). Cal _
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an element a € A, a “fair” element if it is in its
matching subset; that is, ifae f(a).

Let T = set of all “dark” elements = {afa & A,
a¢ fla)} . Since TC A, Te P(A). Again, f is onto
implies that there exists an element a € A such
that fla)=T

If ais a “dark” element then a € T and hence
a¢ f(a) =T, a contradiction.

If a is a “fair” element then a € fla) = T and
a€ Timplies a ¢ f(a) = T, which is again a con-
tradiction.

Thus, the assumption that there is a one-to-one
correspondence between A and P(A) is false.
- there is no one-to-one correspondence between ;
A and P(A). _
Problem: Show that the unit interval 1 = [0, 1] is
uncountable. ‘

Solution: We assume that

{i) Every real number x € I can be represented
as x = (. aj a, ay . . where a; are integers,
0<a <9 Conversely, every infinite decimal of
the form 0.a;a; . . . . represents some real number

inl. }
(i) 0.999 ... . =0.9+0.09+0009+
9 9 9
=70 T 700 * joo0 *
oo
= 1 =
l — e
10

{iii) If a number is rational, then its decimal ex-
pansion either terminates at a particular stage after
which there are an infinite number of zeros or has
cyclic repetition of the same digits for an infinite
number of times.

(iv) If a number is irrational, then it can be rep-
resented as an infinite decimal.

Assue that [ = [0, 1] is countable. Then there
is a one-to-one correspondence f between N (the
set of all natural numbers) and 1.

Letf{1)=0-2a,japa;y ... =1, (say)
f(2) = 0 - ay,apa53 . . . =1, (say)
f(3) = 0 ayya3a3;3 . . . = 13 (say)

f(n) =0 a,,2,5a,; " =T, (say)
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Now define a real number r = 0 - a,ayay . . .

a,....,where for each n,
1, if ann#«]
W= 12, i, =1

Clearly, r € 1. Since each real number in I oc-
curs among 1y, ty, . . . it follows that r = r for
some i. But in r;, the ith decimal digit is a; in r, the
ith decimal digit is a and 2; # a;;. This contradic-
tion shows that I is not countable; that is, I is unr
countable. This method of proof is known as
Cantor’s diagonal procedure. Since | is a subset
of the set R of all real numbers, R is uncountable.
(For, if R were countable, 1 being a subset of R
must also be countable which is a contradiction).

OBJECTIVE QUESTIONS

1. The number of constant functions from
{0, 1} to {2, 3} is
(@) 1 (b)2
(c) 3 (@4 _
2. The pigeonhole principle asserts that if
f: A— Band |A| > [B] then
{a) fisnotonto
{b) fisnot 1 ~1
{c) fis neither 1 -~ 1 nor onto
(d) fcanbe 1 -1
3. If f is the absolute value function defined by
fix) = |x|, then ’
(a) fisa bijection (b)fis!1—1
(¢) fisonto _{d) fis a function
4. Let f: R — R be defined by f(x)

i {1, if x is rational }Thcn £(0.2333..)
—1, if x is irrational
is :
(@) 1 (b)-1
(¢) isundefined (d)none of the above
5. BA represents the set of all functions from A
into B. If B = {x} then BA has
(a) 2 elements -
(b) only one element
(c) more than one element
(d) none of the above
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6. Letf:R — R, g: R - Rsuch that f{x) = sin x,
g(x)=x2. Then(go f) (x) =
(a) sin (x2) (b) x*

{c) sin?x (d) x2sin x

7. Let Z =set of all integers and let f: Z— Z be
such that f(x) = 3x. Then
(a) fhas an inverse
{b) f hasno inverse
{c) fis bijective
{d) fisonto :

8. Let A = {a, b, ¢, d}. If the function {(a, 1),
(b, 1, (c, 1), (d, 0)} is a characteristic funo-
tion of some subset S of A, then § =
(a) {a,b,d} (b) {a, c, d}

(¢) {a,b,c} (d) {b, ¢, d}

9, Let Z = set of all integers. Which of the fol-
lowing functions f: Z — Z is onto?
(@) fn)y=n2+1 (b)f(n)=nd
{¢) f(n)=n| (@ f(n)=n-1

- 10. Which of the following is a function
f:R->R?

@ fx)=1

®) f(x)=vx

(¢) f(x)== Vx2+1

(d) f(x)=2x2+3x~1

ANSWERS
1. (b) 2. (b) 3. (@) 4. (a)
5. (b) 6. (c) 7. (b) 8. ()
9. (d). 10, (d)

EXERCISE

I.Letf:A-—>Bandg:B— Cbe bijections. |
Prove that (go f)"' = f1ogl.

2. If f: A — B is bijective, show
that f-! : B — A is also a bijection.

3. Express the function f: R— R, f(x) =2x -5
as the composite of two functions.
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4. Prove or disprove: ‘
(i) Composition of functions is associative;
thatis,h o(gof)=(hog)ef, where
f:A -5B,g:B->Ch:C-D.
(it} Composition of functions is commutative;
that is, gof=fog, where f:A B,
g:B—C.

5. Let A= {1, 2,3, 4}. Find 1f the following
subsets of AXA are graphs of functlons
from A into A:

@ ((1.4),(4.1),(1.2),(4.3)
(@) {(4.1).(:2).(2.3),(3.4)
(i) {(1,4),(2,1),(3,2),(4.3)
i) {(4,1),(1,4),(2,1),(3,3)}
6. Show that the function f : R — R defined

by £ (x) = sin x is neither I - 1 nor onto.
7. LetS and T be subsets of set A. If x, is the

characteristic function of S and if XsXy
A - {0,1} is defined by Xxgx (x)=xs(x)

xXr (X), show that ASAT = XsXT-
ANSWERS
5

3. f=goh where g(x)=2x,h(x) 1 for

all xe R.

4. (i)istrue(ii)isfalse.Letf:R—R, g:R - R
be such that f(x) = sin x, g(x)=x2.Then
(gof)(x) =sin? x and (fog)(x) =sin (x*)
sothat gof # fog. ;

5. (i1), (iii), (iv) are graphs of functions.

3.4 ALGEBRA (Groups, Rings, Fields)

1. Introduction

Binary operation: Let A be a non-empty set. A
binary operation on A is a function * from
AXA into A. The image of an ordered pair
(a,b) € AxA is written as a *b (insiead of *
(a, b)). The set A together with. an operation* is
denoted by (A,*). We say that A is closed under

* ifa* be A foralla,be A.
The operationsu, M, A and —are all binary

operations on P(A). The set N = {1, 2,

not closed under subtraction since 1-3=~2g N;

but N is closed under usual addition and multipli-
cation. v
Properties of operations: Let * be a binary op-
cration on a non-empty set A. Then, 3

(i) *is commutative, if a *b=1b * 3 for all

a,be A.

(i) *is associative if a*(b*c)=(a*b)*c for
alla, b, ce A.
An element e in A is called an identity
element for * ifaxe=e*a=a for all
ac A. ee A is called a left identity or
right identity for # accordingase * a=a
ora *e=aforallaeA.
Let e be the identity element for *. The
inverse of an element a in A is an element
b € A such that a *b=b * a = e. An
element b in A is said to be a left inverse
ofain Aifb *a =e; b is called a right
inverseofaifa * b=e.

(it}

(iv)

(v) If A is closed under *, then (A, *) is

called a groupoid. N

Note: :

(i) If bis the inverse of a, then a is the inverse
of b.

(i]) The relation “is an inverse of” is a
symmetric relation.

If the operation on A is denoted by *, then

A is said to be written multiplicatively,
-1

(it

and the inverse of a in A is written as a
If the operation is denoted by + , then A is
said to be written additively. In this case,
the identity element is denoted by 0 (called
zero element ) and the inverse of a in A is
denoted by — a.

Example: Consider the set Z of all integers under

+ (usual addition). Let a, b, ¢, € Z be arbitrary.

Then, £ is closed under + sincea+be Z.

+ is associative, since a+ (b +c¢)=(a+b) +c.

+ is commutative, since a + b = b+ a.

Identity element for +is 0 sincea+0=0+a=a.

Inverseof ais—asincea+(—-a)=(-a)+a=0.

Example: Consider the power set P(S) of a finite
set 8. Let A, B & P (8S) be arbitrary; let *= N
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Since A N B € P(8), closure property holds.

Clearly n is commutative and associative. S is the
identity element for nsince ANS=A=8SNA.
There is no inverse for A since we cannot find B
€ P(5) satisfying AnB=S=BnA.
2. Semi groups

Let A be a non-emipty set. Then A is said to be
a semi group if

{i) A is closed under a binary operation »

(ii) = 1s associative.
Example: Let N be the set of all positive integers.
Then (N, +) and (N, ) are semi groups where +

and - are usual addition and multiplication respec

tively.

Example: Let N = N u {0} = 40,1, 2, . . .}.

Define » on N’ by x » y = max {x, y}. (= maxi-
 mum of x, y). Clearly N’ is closed under .
Now letx, v, ze N'.
Then, x # (y » z) = x » max {y, z}
=max {x, max {y, z}}
=max {x,y, z} and
(x*xy)sz=max {X,y} » 2z
=max {max {x,y}, z}
=max {X, y, 2} so that
X*x(Yy*z)=(Xxy)*2
-~ * is associative. Thus (N, «) is a semi group.
Example: Let S be a finite set; let F(S) = collec-
tion of all functions f: S — S.
Let » = o = composition of functions. Since * is
an associative binary operation, (F (S), %) is a
. semi group.
Example: Let A = {a, b. ¢, d}.  is a binary opera-
tion on A given by the following multiplication
table
kd

a
b
c

Lo -
o w Ty
B R oo

L= 0 ~ ¥ ¥~

a
d d a a a
From the above table, dx b=a, b x ¢ = a,
asc=canddxa=d.
Nowdx(bxc)=d=*a=dand
(dxb)sc=axc=c
Sodx(bxc)#(d = b) % c. So = is not associa-
tive. Hence (A, ) is not a semi group.

GATE

Let (S, ») be a semi group. An element Zin § is
saidtobe aleft zeroof Sif € e x = forall x in §.
Similarly we define a right zero of S. For exam-
ple, let 8 = {a, b, c} and » is given by

% a b c
a a a a
b b b b
c ¢ ¢ ¢

Then a is a left zero for S since a « a = g,
asb=aaxc=aie,axx=aforallxin§
Note that b and c are also left zeros of S.

On the other hand, for the semi group N’ = N
{0} with usual multiplication, Ox x =0 foralix &
§.800 € Sis aleft zevo for S.

Problem: Let (S, «) be a semi group and O e S be
a left zero of S. Prove that for any element x, x+ 0
is also a left zero.

* Solution: Fix x € S. Lets € S be arbitrary.

Then (x « 0) x5 =X » (0 = 8) (" * Is associa-

tive)
- =x+0 (Ois aleft zero =

. 0xs=0)

Thus(x+0)+s =x«0forallse S,

- x # 0is a left zero of S.
3. Monoid -

A semi group (A, =) is said to be a monoid, if +
has an identity,

-An element & in a monoid (M, *) is said to be
an idempotent element, if a x a = a.

A subset T of a monoid (M, *) is said to be a

submonoid of M, if (T, ) itself is a monoid.

The semi group (P(s), M) is a monoid since it
has the identity S for m. The semi group (N, -) is

“also a monoid with 1 as the identity; but the semi

group (N, +) is not a monoid since + has no identi
ty. Considering (N, *), 0 is the identity for » and
so (N, %) is a monoid. Each A € P(S) is an idem-
potent for the monoid (P(S), N) [ A M A = A}
whereas, 1 is the only idempotent in the monoid
(N, -). : ;
Problem: If (M. x) is a commutative monoid,
prove that the set T of all idempotent elements of
M is a sub-monoid of M.
Solution: Let T= {ae Mlaxa=a}
Since M is a monoid, it has identity element e.
Nowee Tsincee s e =e.
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Thus T # ¢.
Leta,be T.Thenaxa=a,bsb=b.
Toproveasxbe T
Now (@a+b)x(a+h)=(aea)s(bab
[ # is both commutative and associative]
=axb
_ Thus a « b e T; that is, T is closed under ».
Since = is associative on M it is associative on the
subset T of M.
¢ is the identity element for T also.
2~ (T, ») is a sub-monoid of (M, »)
4. Group
A monoid (G, #) is a group, if each a in G has
an inverse 2" in G. Thus, a group is a non-empty
set G together with a binary operation « defined
on G satisfying,
(i) » is associative i.e,a#*(b*c)=(asb)
cforalla,b,cinG

(ii) there exists an element e in G called an
identity element such thatas e =e+a=a
forallain G.

(iii) For each a in G there exists an element &
in G called an inverse of a such that
asa’=a"sa=e.

A group (G, #) is said to be commutative or
abelian, if « is commutative,

ie.,axb=bsaforalla binG.

A group (G, *) is said to be a finite group or an
infinite group according as the set G is finite or infi-
nite. '

For a group G, (i) identity element is unique
(i) for any a € G, inverse of a is unique (iii) can-
cellation laws hold good. That is, for all a, b, ce
G,

axb=axc=b=c(left cancellation law)
b *a=cxa= b= c(right cancellation law)

Groupoid
Semigroup
Monoid
——Group

=2

79 -

Closure, property }Gmpoid
Associativity

Existence of ldentity

Monoid

Semigroup {
Giroup

Existence of Inverse

Fig.

Example: (P(S), A) is an abelian group for which
¢ is the identity element and the inverse of each
elementisitself (" AA=AAO=A;AAA=
). .

- The set of all integers, the set of all rationals,
thc set of all reals and the set of all complex num-
bers are abelian groups under usual addition.

. These are respectively known as the additive

group of integers, the additive group of ratio-

. nals, the additive group of reals and the additive

group of complex numbers.

Problem: Show that a semi group with more than
one idempotent element cannot be a group.
Solution: Let (S, +) be a semi group with two
idempotent elements x, y. That is, x# y and

X *® X=X - (1)

y*y=y - (2)
Assume that (S, ) is a group with identity e.
Thenx*xe=xandyse=y ..(3)

From (1) and (3), x * x = x * e.

Since S is a group, by left cancellation law,

X=e.

Similarly, y sy =y e yields y =e.

Thus x = e =y which contradicts X#y

. (S, *) cannot be a group.

Problem Prove that the set B(S) of all bijections
of a non-empty set S to itself is a group under
composition of functions.
Solution: B(S) = {fif : S — S is a bijection} B(S)
is non-empty since the identity function I €
B(S).

Letf, g, he B(S).
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Then fo g : S — S defined by (fo g) (s) =
flg(s)),se S :

is also a bijection. .. fo g € B(S).

i.e., o is a binary operation on B(S). Clearly
fo(goh)=(fog)ohsothat. is associative.

Also g o f=fo lg=fforall fe B(S)

. 1y i the identity element.

Since f is a bijection, f-! : § — S is also a bijec-
tion. . f~'e B(S)andfof!=f"1cf=1g

~ f!is the inverse of .

Thus (B(S), o) is a group. This group is
non-commutative, when S has more than two
elements. Take S = {1, 2, 3}. Define f: S — §,
g:S—->Sbyf()=1,f2) =3, f(3) =2 and
g)=2,g2)=1,g03)=3.Then (fog)(1)=3
and(gof)(1)=2sothatfog#gof
Problem: Let (G, *) be a group. Prove the follow-
ing:

@@=+b)y'=b"+a'foralla,be G
(ii) Forae G,a=a"' = (G, #) is an abelian
group. ‘

(i) @) =a.
Solution :
H@=*b)* (b« a’) =as(bsbsxa’!

‘ ’ (. * is associative)
=axexal
=axa’!
=e

and(b”' xa)x(axb) =blx(@a'sa)+sb
(' is associative)
=bhlxexh
=blxb
=e .

Thus (a * b) = (b™' * a7!) = (b~ % a”!) =
(a * b) = e which is of the formxxy=y s x=¢
sothaty=x"Tie, bl xa"l=(asb)

(ii) Leta,be Gwitha=a"!, b=b""

Thenasb=(axb) '=blsal=bxsa
= (G, #) 1s abelian.

(i) Weknowasa'=a"lxa=e and

@hH+s@h =@l 'lsal=e
Hencea™' s a=(a"') « (@)
By left cancellation,
a=(a’')y"".

GATE

Note: 1. It is cumbersome to keep using » for
the group operation. Hereafter we shall drop it and
write simply ab instead of a x b.

2. Let a be any element of a group G. For

e ar e a.
any positive integer n,——— " ____ is denoted
n times

by ar. Define a™ = (a~')r and a® = ¢, the identity
element of G. Then a" is defined for all integers n.
Problem: If G is a group in which (ab)t = anb» for
three consecutive integers n and for all a, be G
show that G must be abelian.
Solution: Given

(ab)? =a"p" D
(ab)l‘l +1 - a" + 1 b +1 (2)
(ab)y" 2 =an*2p" "2 - (3)

To prove that ab =ba for all a, bin G.
Now (ab)"* '=a"* Tpn 1
=> (ab)" (ab) = (a"a) (b"b)
= (a"b") (ab) = (a"a) (b"b) (from (1))
= a"(b™a)b = a"(ab™b (by associativity)
= b"a = ab" (by cancellation law) ... (4)
Again, (ab)" * 2 =" tpnt2
= (ab)"* ! (ab) = (a" * 'a) (b"* 'b)
=@ " 'b" " 1) (@b) = (@" * 'a) (8" * ')
(from (2})
=gt I (b" + la)b =gh+ '(ab" + f) b
=b" la=ab"* ! (by cancellation law)
= (b"b)a = a(b"b)
=» b"(ba) = (ab")b
= b%ba) = (b"a) b
- =5 b"(ba) = b"(ab)
=>ba=ab
Thus G is abelian.
Problem: Let R* = R — {0} = set of all non-zero
real numbers. On R* define # by a + b = la] b.
Prove that (i) 1 and —1 are left identities for
(ii) there is no right identity for x (iii) right inverse
of each element in R* exists.
Solation: (i) 1 xa=|lla=a and
-l xa=|-lja=a forallainR*

(from ‘(4';)

(by cancellation law}
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= 1 and -1 are both left identities for #.
(ii) For any a € R*,
ase=a=|aje=a

_.a
=>e-—‘al
=e=]
if a>20
e=-1lifa <o

Thus the value of e depends upon a. So there is
no right identity for ».

(iii) Takinge=1l,asb=e=1= |a| b=
'i“ is a right inverse of a if a > 0 and - i isa
right inverse of a if a < 0.
Problem: Let P [x] be the set of all polynomials
in x with integer coefficients (For example,
2 - 3x + 5x2 + 7x3 is one such polynomial). Show
that P[x] is an abelian group under addition of
polynomials.
Solution: Let p(x), q(x) € P[x].

Clearly, p(x) + q(x) € P[x]

Also + is associative in P[x]. The zero polyno-

mial 0 (that is, the polynomial with all coefficients .

0) is the identity element. The inverse of p(x) is
=p(x). Also p(x) + q(x) = q(x) + p(x). Thus (P[x],
+) is an abelian group.

A subset H of a group (G, #) is said to be a
subgroup of G if (i) H is closed under » (closure
property) (ii) (H, =) is a group.

Example: G = {1, -1, i, —i}, where i2 = ~] is a
group under multiplication of complex numbers.
The subset S = {1, 1} is a subgroup of G with
1 as identity element. Each element of S is its own
inverse. But H = {1, i} is not a subgroup of
G for H is not closed under multiplication
{(wi-i=i2=-]¢ H). .
Example: For any integer n, define nZ =
{nz|z € Z}. Then nZ is a subgroup of (Z, +), Z
being the set of all integers.

81

5. Rings and Fields

Ring: A non-empty set R together with two binary
operations on it denoted by + and - is said to be a
ring, if
(a) (R, +)is an abelian group
(b) (R, -) is a semi group (closure property and
associative property with respectto -).
(¢) The distributive law 2 hold;
ie, foralla,b,ce R
a:(b+c)=a-b+a-c(left distributive law)
(b+c)-a=b-a+c-a(right distributive law)
A ring (R, +, -) is said to be a commutative
ring, if the binary operation - is commutative.
Thatis,a-b=b-aforalla,binR. -
Example: The set of all integers under addition
and multiplication is a commutative ring. It is usw
ally called the ring of integers.
Example: Let M,(Z)

{22

Then My(Z) is a ring under addition and multi-
plication of matrices.

1 1 10
LetA={g ) andB= 1 of

11
ThenAB=(g g) andBA=(l ,)

a, b, c, d are integefs]

AB # BA and hence My(Z) is a
non-commutative ring. .
Field: A non-empty set F with at least two ele-
ments together with two binary operations on it
denoted by + and - is said to be a field, if

(i) (F, +) is an abelian group.
(ij) (F - {0}, -) is a commutative group
(0 stands for the identity element for +).

{iii) multiplication is distributive over addition.

Thatis,a-(b+c)=a-b+a-cforalla,b,cinF.
Example: The set of all real numbers under usual
addition and multiplication is a field. But (Z, +,-)
is not a field, where Z = set of all integers.
6. Homomorphism: A homomorphism f of a
groupoid (A, -) into a groupoid (B, #) is a function
f: A — B such that

f(a; - a,) = f(a)) * f(a,) for all a;,a, € A,
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Thus, if A and B are groups, f is a group homo-
morphism or a homomorphism of groups, if

fla, - ay) = f(a)) # f(a,) foralla;, 2, € A

In the case of rings and fields since there are
two binary operations, the function  f: (R, +, )
= (R, +4, ") is called a ring homomorphism if

(i) f(r; +13) = f(r;) + f(ry) :

(ii) f(r; - r;) =M(ry) ' f(ry) foralir, r, & R
Example: Let (R*, ) = group of positive real
numbers under multiplication.

(R, +) = group of all real numbers
under addition.

Define f: R* — R by f(x) = logox.

To prove f{x - y) = f(x) + f{y) since the binary

operations for R* and R are - and + respec-

tively.

Now f(x - y) = logo(xy) =

= f(x) + f(y)
- fisa homomorphism.
7. Types of homomorphisms

Let £ A — B be a homomorphism of a
groupoid (A, -) into a groupoid (B, *).
Then

log;ox + loggy

(a) f is called a monomorphism, if f is

1-1.

(b) fis called an epimorphism, if f is onto.
In this case B is called the homomorphic
image of A.

(¢) fis called an isomorphism, if fis a bijec-
tion.

(d) A homomorphism f from a groupoid A
to itself is called an endomorphism.

() An endomorphism of a groupoid A
which is also a bijection is called an
automorphism. That is, f is called an au-
tomorphisin if f: X — X is a bijective
homomorphism.

Example: Let Z = set of all integers, 27 = set of
all even integers. Then (Z, +) and (2Z, +) are
groups where + stands for usual addition.
Define f: Z — 2Z by f(x) = 2x, x € .Z".
Forx yeEZ f(x +y)=2(x+y)=2x+2y
= f(x) + f{y)
~ f is a homomorphism.

GATE

Clearly, fis a bijection. .. fis an isomorphisi:.

~ Example: Let G be an abelian group. Define

T:G—=Gby T(x)=x"', forall x € G. Clearly, T
is a bijection.
Also T (xy) =(xy) ' =y !Ix~!
(by problem 54(i})
= x“'y (- G is abelian)
=T(x) T(y)
. T is a homomorphism.
Thus, T is an automorphism of G.
8. Cyclic group: Let G be a group. If there exists
an element a € G, such that G = {a"n is an inte-
ger}. Then G is called a cyclic group (generated
by the element a) and a is called a generator of G.
We write G = <a>,
The additive group of integers is cychc with 1
as generator.

OBJECTIVE QUESTIONS

I. Which of the following statements is false?
(A) Every monoid is a semi group.
(B) Let Z be the set of all integers and (Z, «),
an algebraic system, where the operation
* is defined by n *+ m = maximum
{n, m}. Then (Z, #) is a monoid.
(C) Every submonoid of a finite monoid is
finite. -
(D) The groupoid {0, 1, 2, 3} with = defined
by
o 1 2
0 0 0
02
0.2 0
g 3 2 1

2. Which of the following statements is true?

{A) Every abelian group is cyclic.

(B) Every comimutative ring is a fieid.

(C) Every element of the ring of all integers (un-
der usual addition and multiplication) -has «
multiplicative inverse.

{i»} Every cyclic group is abelian.

has a 0 and an identity |.

uw—-c’*
NOoW D W
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3. Consider the statements
() {-2, -1, 0, 1, 2} is not a subgroup of the
additive group of integers.
() Z =1{0,1,2,..n~ 1}, where n is a posi-

tive integer is a group under @ defined by
a®b=r,whereat+b=qn+r,0<r<n
(For example, whenn=4,2 ® 3 = 1).

Of the two statements,

(A) Both (i) and (ii) are true

(B) (i) is true and (ii) is false

(C) (i) is false and (ii) is true

(D) Both (i) and (ii) are false

4. The relation “is isomorphic to” is

(A) a partial ordering relation among groups

(B) a total order among groups :

(C) an equivalence relation among groups

(D)is irreflexive, symmetric and transitive
among groups

KEY

1. (B) 2.(D)  3.(A) 4 (O

EXERCISE

1. fGisa group such that % = e for all x in G
‘show that G must be an abelian.

2. Sz[(x X) x is areal number # 0
: X X

is a group under multiplication of matrices. Is it
commutative?

3. Show that a group has exactly one idempotent
element. )

- 4. Let Z be the set of all integers. On Z define *
as follows: a* b =a+ b+ 1, where + is an or-
dinary addition. Show that (Z, *) is a group.

5. In the set Z of all integers define ® and ® by
a@®b=a+b-landa® b=a+b-ab. Prove

- that (Z, ®, ©) is a commutative ring.

3.5 LATTICES AND BOOLEAN ALGEBRA

1. Introduction

Recall a partial ordering relation and a poset
(partially ordered set). Throughout this section,
unless stated otherwise, a partial ordering relation
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will be denoted by <, a poset by (P, <); N stands
for the set of all positive integers.

Quasi-Order: Let R be a relation on a non empty
set A. Then R is said to be a quasi-order on A if,

(a) R is irreflexive; that is, a R a for any a €
A
"~ (b) R is transitive.
Comparability: Let a, b belong to (P, <). Then a
and b are said to be comparable, ifa<borb<a.
a and b are non comparable, denoted by a || b, if
neithera<bnorb<a.

Totally ordered set: If each pair of elements in P
is comparable, then (P, <) is said to be totally
ordered or linearly ordered and P is called a
chain. ‘

Example: Let N be partially ordered by
divisibility. 3 and 15 are comparable since 3|15.
But 8 and 15 are not comparable since neither
8115 nor 15/8. So N is not linearly ordered by
divisibility. However, the subset S = {3, 6, 12, 48}
is linearly ordered since 3|6, 6|12, 12]48.

Note that N with the usual order < (less than or
equal to) is linearly ordered and so each subset of
N is also linearly ordered.

Note: The symbols <, <, >, > are interpreted thus:

a<beb2a ,
a < b means a precedes b
b > a means b succeeds a
a<bmeansa<banda#b;ie.,
a strictly precedes b
b >a means b strictly succeeds a
When < is a partial order on P then = is also a
partial order on P and is called the dual
order.. ’ .
Cover of an element: Let a, b € P. Then a is said
to be an immediate predecessor of b or b is said

to be an immediate successor of a or b is a cover
of a, denoted by a < < b, if a < b and no element

-of P lies between a and b. i.e., there is no element

cin P satisfying a <cand ¢ <b.
Lexicographical ordering: Let A and B be
linearly ordered sets. Then the lexicographic
ordering or dictionary order on A x B is defined
as follows: '

(a,b)<(@,b)ifa<a’orifa=a’,b<b’
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For example, let A = B = N = set of all positive
integers. Then according to lexicographic ordering
on N xXN,

(5,78) < (7, 1) since 5 <7

(4,6)>(4,2)sinced4=4,6>2

(5,5)>(4,23) since 5> 4
Hasse Diagrams of posets: Let (P, <) be'a finite
poset. Hasse diagram of P is a directed graph. Its
vertices are the elements of P. Elements x and y of
" P are connected by an edge (line) if y covers x (no
arrow is used). Since the relation < is anti-
symmetric, Hasse diagram cannot contain any
.+ (directed) cycle. ‘

'Example: The Hasse diagram of P = {1, 2,4, 5, 6,
'25, 100} is shown in Figure below.

100

1
~ Fig. Poset diagram

Minimal element: An element x.in P is a mini-
mal element, if y < x = y = x. i.e., X is a minimal
element if no other element in P strictly precedes
(is less than) x.

Maximal element: An element x in P is a maxi-
mal element, if y > x = y = x. i.e,, X is maximal
element if no other element in P strictly succeeds
‘(is greater than) x. '

Least element: An element y in P is a least ele-
ment (or first element) of P, if y < x forallx € P.

Greatest element: An element y in P is a greatest
element (or last element) of P,ify=2xforallx e P.

Note: A poset P may have neither a least element
nor a greatest element. P can have atmost one least
element which must be a minimal element.
Similarly P can have atmost one greatest element
which must be a maximal element.

GATE

- For the poset in Figure above, least element is
1 which is also the minimal element; greatest ele-
ment is 100 which is also the maximal element.
Example: Let P = {1, 2,3, 4,6, 8,9, 12, 18, 24}
and a<b ¢ a | b. Then (P, <) is a poset. For this
poset (Figure below), 18 and 24 are maximal
elements; but they are not below the greatest
elements. 1 is the only minimal element, which is
also the least element of P.

24

N

-
\.\1
—
o
) e G e € e e B

Fig. Chain

For the chain in Figure, least element is a;
greatest element is €.

For the poset (P(S), <), where S is a non-empty
set, ¢ is the first (least) element whereas § is the
last (greatest) element.

Lower Bound: Let A be a non-empty subset of
(P, €). An element x in P is said to be a lower
bound of A, if x<aforallae A.
Greatest Lower Bound (GLB): GLB of
AAcP)isx
(i) if x is a lower bound of A
(i) if y is any other lower bound of A then y< x
Upper bound: Let A be a non-empty subset of
(P, ). An element y in P is said to be an upper
bound of A, ifa<yforallae A.
Least Upper Bound (LUB): LUBof A(Ac P)isy
(i) if y is an upper bound of A
(i) if x is any other upper bound of A, then y< x
Sometimes GLB is called infimum and LUB
is called supremum.

If A has an upper bound then we say that A is
bounded above and A is bounded below, if A
has a lower bound. If A has-an upper and lower
bound then A is said to be bounded.
Example: Let P = {u, v, w, X, y, z} have the
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Hasse diagram (see Figure). Let A = {v, w, x}.
Then the upper bounds of A are y, z since these
are the only elements which succeed every

element of A. LUB of A does not exist since y and

z are non-comparable. The lower bounds of A are
v, wand GLB of A is v.

|
AN
|

Fig.

W —nN

Well-ordered Sets: A poset (P, <) is said to be
well-ordered, if each subset of P has a least
element.

For example, N with usual £ is a well-ordered
Note: 1. Every subset of a well-ordered set is
well-ordered.

2. Any well-ordered set P is a chain. For, if
a, b € P then the subset {a, b} has a least
element. Thus a and b are comparable.

3. Z (= set of all integers) with usual <is a
chain. But Z is not well-ordered since Z
(which is an improper subset of Z) has no
least element.

Problem: Let Q be the set of all rationals. Let A
be‘the[set of rational numbers lying between /2
and V3 on the real line. Find if LUB and GLB of
A exist.

Solution: A = {x | 2 <x?<3,xisa rational}.
Then A has infinite' number of upper and lower
bounds. V2, V3 do not lie in Q and hence cannot
be considered as lower and upper bounds of A.
Thus LUB and GLB of A do not exist.
Problem: Let A = {2,3,4,5 ...} be ordered by
X £y ¢« x divides y. Find all the minimal ‘and
maximal elements of A. ‘
‘Solution: If p is a prime then only p divides p

[ 1leA] '

. all the prime numbers are minimal elements.

85

If a € A is not a prime then there exists a
number b € A such that b divides a. So b< a and
b#a. .

- the only minimal elements are the primes.

There is no maximal element since for each
a € A there exists 2a € A such that a divides 2a.

2. Lattices

Lattice: A lattice is a poset (P, <) in which any
two elements x, y have a GLB and a LUB. The ‘
GLB of x, y is called the meet of x and yj; it is de-

 noted by x A'y. The LUB of x, y is called the join

of x and y; it is denoted by x v y.
Example

1. N and Z with usual < are lattices for which

X Ay =lesser of x, y; X v y = greater of x, y.
2. The poset (P(S), ©) is a lattice with
AAB=AnBand AvB=A uB. This lat-
tice is known as power set lattice.
3. (N, <) where a<b < alb is a lattice. Here
a A b= g.c.d (greatest common divisor) of a, b
a v b= lLc.n (least common multiple) of a, b.
For example,3A5=1,3v5=15
4. Any chain is a lattice in which
avb=max {a,b},aAb=min {a, b}

5.
d
4
2 3 a b
1
e
Fig. (a) Fig. (b)

The poset in Figure (a) is a lattice; whereas
the poset in Figure (b) is not a lattice, since
a and b do not have a LUB. (c, d are upper
bounds which are non comparable and so
LUB of {a, b} does not exist). .

Dual Lattice: For the lattice (P, <, v, A) the
dual lattice is (P, 2, A, V).
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Figure (d) shows the dual lattice dxagram of
Figure (c).
5 1

- Dual Lattice . 5

Fig. (¢) Fig» @

'We can define lattices in two ways and show
that one implies the other.
1. A lattice is a poset (P, <) satisfying
(PPxsx
(P x<y,ySx=x=y
(Py)xsy,ySz=x5z
and any two of whose elements x and y have a

greatest lower bound (x A y) and a least upper

bound (x v y).

IL. L is any set in which two binary operations

v and A are defined to satisfy

(L)avb=bva;anb=bAa{commutative
law) i
(Lz)av(bve)—(avb)vc an(baAc)=
(a A b) A ¢ (associative law)
(Ly)ava=aj;ana=a(idempotent law)
(Lyy(avb)aa=a; (aAb)va—a(absorp-
tion Iaw)

Then L is a lattice relative to a suitable defini

tion of order < and v, A are the join and meet of
this lattice.

Problem: If L is a set, satisfying L, and L, show

that for a, b € L, avb—-aanda/\b—bare
equxvalent
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Solution: (i) Suppose a v b =a, Then
anb=(@avb)ab=(bva)ab(byL)
=b (by Ly)
savb=a=aAb=h.
(ii) Suppose a A b =b. Then
avb=av(aab)= (aAb)va(byLl)
=a (by L4)
Thusa/\b-'a=>avb—a
Problem: Prove that L, = L;

Solution: Let a, be L. Then
ava=avaa(@avb)byl,
=av(aax)wherex=avbel
=abyl,
Thus a v a = a. Writing the dual of this state-
ment (by interchanging v and A) we get,aAa=a.
Thus L, follows from L.
Problem: Let L be a set for which L, L2, L, Ly
are true. Define a relation<inL by as<b &

anb=aoravb=b. Showthat(L,< v, A)isa
lattice.

Solution: First we show that (L, <) is a poset.

ByL,,ana=a .. bydefinition of<,a<a

i.e., <is reflexive.
"Suppose,a<bandb<a.
Then,anb=aandbaa=b
ByL,aanb=baa.. a=bie,<isant
‘symmetric. ;
Suppose, a< b and b < c. Then
anb=aandbac=Db

Now,anc=(aAnb)Aac

=an(bac) byL,

=aAb

=asothata<c
Thus < is transitive also.
- (L, £) is a poset.
Leta,be L.
ByLg(anb)va=a..
Nowaab=ana(bab) byL;

=(aAb)ab byL,
s~ (anb)aAb=aanbandhenceaanb<b.

anb<a
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Thus a A b is such that itis< a and < b.
. it is a lower bound of a, b.
Let ¢ be a lower bound of a, b. Then ¢< a and
c<b.ie,cAana =c,cab=c
Nowca(aab)=(caa)ab bylL,
=cAb
=c
‘w.c<anab
Thus a A b is the greatest lower bound of a, b.
Similarly, we can show that a v b is the least up-
per bound of a, b.
S(LL, S, v, A)ds a lattice.
Problem: (P, <) is a poset in which any two
elements x and y have a greatest lower bound

X Ay and a least upper bound x v y. Show that
A and v satisfy L, LZ, L3 and L,

Solution: (i) Greatest lower bound (g.l.‘b) and
least upper bound (l.u.b) are symmetric functions
of their arguments.

.'.avb=bvaanda/\b=b/\aalndsoLl is

trie.
(ii) (a v b) v cis the Lu.b of a, b, c and Lu.b is
unique.
S (avb)ve=av(bve)
Similarly, @Ab)ac=aa(bac).
ie, L, is true. _
(iii) Clearlyava=a,ana=a. .. L, holds
(iv)sincea<avb,(avb)aa=a
Similarly (aAb) va=a .. L, is true.
Problem: Show that a lattice L with less than four

elements is a chain. Is this statement true in the
case of lattices with 4 elements or 5 elements?

“Solution: Obviously L is a chain when it has 1 or
2 elements. Figure A shows the below diagrams
of posets of which (a), (b) and (d) alone are

s 3

Iz o 2
o1 1 o 1

@ (b (© (@

2\/}3 (@] 0]
1 o]
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lattices (in fact, chains); others are not lattices as

~ we can find a pair of elements without a g.1.b. or a

Lu.b.

There are two lattices with 4 elements, only one is
a chain. (Figure below)

4 4
3
2 3
2
1 1
(h) @)
Fig.

For a 5 element lattice, the lattice diagrams are as
shown in Figure B; only one of these is a chain.
Sub-lattice: Let (L, <, v, A) be a lattice. A subset S
of L is said to be sub-lattice of L if S is closed with
respect to v and A. That is, for alla,bin S, a v b,
a A b belong to S. Note that every sub-lattice is
itself a lattice.

Exémple: Let D, = set of all positive divisors of 12.

. ={1,2,3,4,6, 12} .
Then Dy, is a sub-lattice of the lattice (N, <)

wherea<b < alb

12

© ® ®

Fig. A
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=N
w

]

Problem: Show that the poset in Figure (a) is
* a lattice but it is not a-sub-lattice of the lattice of

the power set of three elements in Figure (b).
Solution: In the poset (P}, <) any two elements
have a unique g.I.b and a Lu.b. )

Fig. (b)
(Py, <) = power set lattice

Fig. (a)
P,

. (Py, S) is a lattice.

Clearly P, < P,.

InP;, glbof4,5is1 andin Py, glbof4,5
is8¢& Py.

. Py is not a sub-lattice of P,.

-

Isomorphic Lattices: Two lattices (L, £, v, A)
and (L', <, v/, A) are said to be isomorphic if
there exists a one-to-one correspondence,

f: L — L’ such that

“f(a v b) = f(a) v/ f(b)
and f(a A b) = f(a) A" f(b)
foralla,bin L.

' 5
} 5 :
. 5 4 1
3 4 2@4 2 3 2 3
2 . '
- M1 1 4
N5

Fig. B
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Complete Lattice: A lattice L is said to be a
complete lattice if every non-empty subset of L
has a least upper bound and a greatest lower
bound in L.

Examples of complete lattice are

(i) any finite lattice and

(ii) the power set lattice (P(S), ©).
Bounds: A lattice (L, <, v, A) is said to have a
lower bound 0, if 0 < x forall xinL; L is said
to have an upper bound 1, ifx < 1 forall x in L.

L is said to be a bounded lattice, if L has both

0 and 1. In a bounded lattice.
avO=a,an0=0,
avli=1l,aanl=aforanyainL.
Example: (i) N’= N U {0} under < has a lower
bound 0 but no upper bound.("» 0<1<2<3...)
(ii) Let E = universal set. Then the lattice
(P(E), <) is a bounded lattice with E as 1 and ¢ as
0.

(iii) For the finite lattice L = {a,, a,, ... a },

ayVva,Vv..va, and a; A ay A ... A a, are the

upper and lower bounds respectively. Thus every
finite lattice is bounded. ;
Complement: Let (L, v, A) be a lattice with
bounds 0 and 1. Letae L. Then an elementb in L
is said to be a complement of a if a A b =0 and
avb=1. ,
Remark: 1. If b is the complement of a then a is
the complement of b.

2. In the lattice N5 of Figure below, 4 has two

complements 2 and 3. Thus complement of an ele-
ment need not be unique. '
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5

4 The elements 2, 3, 4 3.
5 have no complements .

2

1 M

3. In the chain, refer Figure above.

.~ complements need not exist

Complemented Lattice: A lattice L is said to
be complemented if (i) L is bounded and (ii) each
element in L has a complement. ‘

The lattice M5 of Figure above is a comple-

mented lattice; but the chain of Figure above is not
a complemented lattice since 2 A 3 = 2 which is
not the lower bound 1.

Distributive Lattice

A lattice (L, v, A) is said to be distributive if

(iJan(bvec)=(anb)V(aac)
(iiJav(bAc)=(avb)Aa(aVve)
(Distributive Law)
for all a, b, ¢ in L. Otherwise L is said
to be. non-distributive.Consider the lattice of
Figure (a). It is non-distributive. For,

1
C
' b
a
0
Fig. (a)

av(b/\c)=av0 =aand
(avb)a(ave)=lac=c
nav(bac)#z(avb)a(ave)

89

5
3
4 3 4
2 2
1 1
Chain N

Fig.

It is easy to check that the lattice M; of
Figure (b) is also non-distributive.

5

1 .
Fig. (b)

Remark: 1. Every chain is a distributive lattice
- 2. In a distributive lattice

anb=aAc,avb=avc=b=c (cancella-

tion law)

For,b=Db v (a A b) (Absorption law)
=bv(@ac)
=(bwva)a(bve) (~Lis dlsmbutlve)
=(cva)a(bve)
=(cva)a(cvb)

=cv(aab) (. L isdistributive)
=cv(anac)

=cv(cAa)

= ¢ (Absorption law)

Modular Lattice: A lattice L is said to be modular,
ifasc=av(bac)=(@avb)ac

Remark: 1. Every distributive lattice is modular
The converse is not true. :

For, let L be distributive. Let a, b, c € L with
<c. Then

av(bac)=(avb)a(anac)( L is distribu-
tive) '
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=(avb)ac( asc=>aAnc=¢)
~. L is modular.
Converse is not true. For example, the lattice of
Figure is modular but it is non-distributive.
2. The lattice of adjoining Figure is non-
modular. ‘

1

0
For, herea<c.
av(bac)y=av0=aand
(avb)ac=lAac=c
navibac)#(avb)ac

i.e., the lattice is non-modular; it is non-dis-

tributive too.

Problem: Let L be a bounded distributive lattice.
Sh_ow that complements, when they exist, are
unique.
Solution: Suppose a € L has two complements
"band c. Then :
avb=1, anb=0
ave=1, anc=0
Nowb=bvO=bv(aac)
=(bwva)A(bvc) (. Lisdistributive)
=1A(bvec)
=bve
Similarly,c=cv0 =cv(aab)
' =(cva)a(cvb)
=1A(cvb)
=cvb
Thusb=bvc=cvb=c.

3.6 BOOLEAN ALGEBRA
A non-empty set B together -with two binary
operations denoted by @ and %, a unary # opera-

tion’ and two distinct elements 0 and 1 is called a
Boolean algebra if the following axioms hold for
- any elements a, b, ¢ in B:

# A unary operation on a set A is a function from A
into A. For example, the absolute value function
f:Z - Z, f(n)=]|n|is a unary operation on Z (set of all
integers). .
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(B))a®b=b®a,asb=b xa(commutative
law)

(Bya®(*c)=(a®b)x(adc)

a * (b ® c)=(a * b) ® (a * c) (Distributive law)
(By)a®0=a, ax1=a(Identity law)
(By)a®a’=1,axa’ =0 (Complement law)

0 is called the zero element, 1 is the unit ele-
ment and a’ is the complement of a. The opera-
tions @, =, ’ are called sum, product and
complement respectively. Incorporating all these,
we find that a Boolean algebra is specified by
(B,®,%,7,0,1).

Example: Let B = {0, 1} = set of bits (binary
digits). Define ®, x, “ on B by

®|0 1 o 1 ala’

olo 1 olo o 0l

11 1 110 1 1]o0
Table

Then B is a Boolean algebra.

Example : Let B" = —
n times

‘Define ®, *, / componentwise using table
above. _

For instance, consider B> with x = 11010,
y = 10101 (5-bit sequences in B5).

Then x & y = 11010 @ 10101 = 11111,
x %y =11010 % 10101 = 10000 and x" = 00101.

The zero element 0 = 00000 and unit element
1=11111.

Example: Let F = Collection of sets closed under
the operations of union, intersection and
complementation. Then F is a Boolean algebra for
which zero element is ¢, unit element is the
universal set E.

Example: Let D, = set of all positive divisors of 12.
={1,2,3,4,6,12}

!
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~ Define @, +,” on Dy, by

a@®@b=lLcmofa, b
a*b=gcdofa,b.
al [ 12
a P
Then Dy, is a Boolean algebra with 1 as zero ek
ement and 12 as the unit element.
isomorphic Boolean algebras
Two Boolean algebras B and B’ are said to be
isomorphic, if there is a one-to-one coitespen-
dence f: B — B’ which preserves all the three oper-
ations. i.e., ;
fta @ b) = f{a){T] f(b)
f{a * b) = f(a) * f(b)
- fla) =[f(a)]a,be B
where @, *, ' are operations for B;[¥] ® , #, " are
operations for B'.
Duality v
The dual of any statement in a Boolean algebra
is got by interchanging ® and * and interchanging
0 and 1 in the given statement.
The following results can-be deduced from (B,) to
(B,). Leta, b, ce B.

l.a®a=a, axa=a (Idempotent law)
Z.a@1=1, ax0=0 (Boundedness law)
Jad(@a*b)=a,ax@®b)=a

(Absorption law)
4.2@(b@c)=(adb)Dc,
a*(bxc)=(a*b)*c (Associative law)
S.a®@x=1], a*x=0=>x=a"

(Uniqueness of complement)
6.0°=1,1"=0
7.(a") =a
8.(a®b)y =a" xb’

(axb)=a' @b (De Morgan's law)

Thus we find that a Boolean algebra B satisfies
the commutative, associative and absorption laws.
So it is a lattice for which @ and * are the join and
meet operations respectively. For this lattice,
o a®l=l=a<!land

a*0=0=>0<aforaecB

Thus B is also bounded.

Also, B is distributive and complemented (by
(By) and (By)). Thus a Boolean algebra is a
(bounded) complemented distributive lattice.

(Involution law)

o

Problem: In a Boolean algebra the following are
equivalent.
Ha®b=b
(iaxb=a .
(iiija"®b=1
(iviaxb' =0
Solution: (1) = (i)
Suppose a @ b =b. Then
arb=ag*{a®by=a
(i) = (i) .
Suppose a = b = a. Then
a@b=b®a(by(B))
=b@(axh)
=b @ (b= a)(by {21

{Absorption faw)

=h  (Absorption law)
(i) = (iii)
Suppose a @ b =b. Then :
@b =2 ®@®bj=G'®a)eb
=(a@a)Bb=1@b=1
(iii) = (i)
Suppose 2’ @ b= 1. Then ;
aDb=1*@@b) =@ Sh)+2Oh
’ =& «2)Db
(by Distributive law)
=0&b
=b
(i) = (iv)
Supposea’ @b = 1. Then
O=1"=@@b) =a"+b’ .
(by De Morgan's law)
=g % b’ )
(iv) =» (iii)
Suppose a * b” = 0. Then
[=0"=(a*bY=a @b =a"®b
Thus all the four are equivalent.
Problem: Prove the following Boolean identitics:
(ala®@+*by=a@b
(byax(@ @bj=axb
(e)(axb)y@(a+by=2a
Soluntion
@a@@x+b)=@DNV« (@b
=1%(a®b)
=a®Bb
_{(b) It is the dual statement of (a).
a*b)Blaxby=ax (@b )=s+|=3
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OBJECTIVE QUESTIONS

1. Let N X N be ordered lexicographically.
Then
A)(1,3)<(1,2) ®)(1,3)=(,2)
©)1,3)>(1,2) (D) none of these
2. LetA={234,5, 6 8,9 10} and xSy e x
is a multiple of y. Then A has
{A) one minimal element
(B) two minimal elements
{C) three minimal elements
(D) four minimal elements
3. If a and b are minimal elements in a totally
ordered set, then )
(A) as b

(‘t,\ as b .
(D) a and b are not comparable
4. Hasse diagrams
(A) are drawn for Boolean algebras
(B) can contain any (directed) cycle
() are undirected graphs
(D) are drawn for finite partially ordered sets
5. Every finite lattice
(A) has a least element but no greatest ele-
ment ‘
(B) has a greatest element but no least ele-
ment

(C) has neither a least element nor a greatest

element
(D) has a least element and a greatest element
6. For any lattice,
(A)av(bac)2(avb)a(ave)
B)avbac)=(avb)a(ave)
(©)av(bac)<(avb)a(ave)
. (D) none of these
7. The dual of the Boolean expression (a @ 1)
(a®0)=ais
(A)(a*x1)(a*x0)=a
B)a*x1)®@@*0)=a
(C)ax0)d(axl)=a
M@=*0)(a*x1)=a
8. Which of the following statements is true?
(A) The closed interval [a, b] = {x € Ll
a<x, x <b} is a chain.
(B) Any modular lattice is distributive.
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(C) There is a lattice with four elements
which is not a chain.

(D) In a lattice (L, 2, @, *)
azbandb2cHaz2b®ec.

9. If a linearly ordered set S has only one maxi-

mal element a, then

(A) aisa first element

(B) a is a last element

(C) a is neither a ﬁrst element nor a last ele
ment

(D) nothing can be said about a

| 10. Which of the following statements is false?

(A) In a Boolean algebra, asb & a*b’ =0
where b’ is a complement of b.

(B) Let N = {1, 2, 3, ...} be ordered by divisi-
bility. Then the set {3, 15, 5} is linearly
ordered. "

(C) The least element 0 in a bounded lattice
has the unique complement 1.

(D) Every chain is a distributive lattice.

11. Which of the following is not a lattice?

(A) (B)

(C) Power set of any non-empty set partially
ordered by set inclusion.

(D) The collection R(S) of all subsets of a set S
such that
A,Be R(S)=ANB,AUBEe R(S)

KEY

1.(C) 2. (D)6 8,9, 10 are minimal
elements.
3.(C) 4.(D) 5. (D) 6.(C) 171.(©C

8.(C) 9.(B) 10.(B) il.(B)
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3.7 PRINCIPLE OF MATHEMATICAL
INDUCTION

Introduction

Let {P(n)} be a set of statements one for each
natural number n. The principle of mathematical
induction says that if we prove

(1) P(1) is true

(2) P(k) is true = P(k + 1) 1s true (k, any natural
" number) then P(n) is true for all natural numbers n.

Proof by the method of induction can be com-
pared with climbing an infinite ladder. To climb
such a ladder, we have to climb the first rung of the
ladder and having climbed anyone rung the next
rung also should be climbed.

- (1) is called the basis of induction; (2) is called
the induction step. The assumption P(k) is true =
P(k + 1) is true is known as induction hypothesis.

P(n) can be statements of the form,
(i) if n is even, then n + 2 is also even

n(n + 1)
2
(iii) 3.52n+ 1 + 23n + 1 ig divisible by 17.
Problems with Solutions

Problem: Prove by induction - n(n + 1)

1+2 4+ e
2 n= 5

Solution: Let P(n): 1 +2 + . +n= 10 2+ )

()1 +2+-+n=

When n = 1, L.H.S (left hand side) = 1 and
R.H.S (right hand side)= 11 + 1) =1’

-~ P(1) is true.

Assume that P(k) is true

e, 1 +2+-+k= k(k + 1) (induction

hypothesis) ... (1)
Now,l+2+ +(k+1)=[1+2+-+k]
+[k+1]
= k(k + 1) Hk+ 1)
2.

by (1)

93

k+1)(k+1+1)
2

. P(k + 1) is true.
Thus by induction principle, P(n) is true for all
natural numbers n.
n(n + 1)
2

Problem: Prove by induction

ie,l+2+-+n=

1 +x+x2+ . 4 xn
n+ |

1 - x

| — x (Whenx<i

Solution: Let P(n): 1 +x + x2 + - + xn

n+1
I - x
T o
Whenn=1,LHS=1+x, RH.S
2
= l-x =l+x
: b-x
= P(1) is true.
Assume that P(k) is true.
. ¢ ‘ 1 k +.1
e, 1+x+x2+ - +xk= '—-‘r;T~ (2)

Now, 1 +x +x2+ - +x'~+'—(l+x+x2
+ ...+ xk)y 4+ xk+d

k + 1 )
=l X __ +xkt) ya2)
1 - x
k+1
I e S OF S ¢ T
‘ I - x ,
=_1_:__xk v
1 - x
=l __ (k + 1)+ 1
1 - x
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This shows that P(k + 1) is true. .~ by induction
principle, P(n) is true for all natural numbers n.
" Problem: Prove by induction

1 1+2-2++n-nl=(n+ 1)~

~ Selution: Let P(n) - 1-11+2. 21+ +n-nl
e S . =(n+1)-1

Whenn=1,LHS =1-11=1and RHS.
=(1+1-1=1

So P(1) is true.
Assume that P(k} is true.

fe, 1 1H+2- 214+ ko kK =+ 1)~ 1

} 3
Now 1. 11+2- 21+ +(k+ 1) - (k + 1!
”«:{'l-}HQ'?H +k kil (k+ 1) (k+ 100

={cr Iy - bk Dk + D [by (30
=(k+ D [I+k+1]-1
Tkt DIk +2)- 1
w(k+2) -1
SRl -1
T‘m shows that P(k + 1) is true.

. by induction principle, P(n) is true for all nat-.

uml numbers n.

Probiem: Prove that 5" — 1 is divisible by 4 for
n21.

Solution: Let P(n): 5" = l is divisible by 4, nz 1.

Whenn= 1,57~ 1 =5~ 1=4 which is divisi-

le by 4.
. P(1) is true.
Assume that P(k) is true, i.e., 5K — 1 is divisible
by 4 {induction hypothesis).
Whenn k+1,5n—1 =5k
=55k
=4+ 1)ysk—1
=4.5k+(5k,~ 1
4 - 5k is divisible by 4; 5K — 1 is divisible by 4
(by inducti(m hypothesis)
© Pk + 1) is true.
l"hm by induction prmuplc 5% — | is divisible
by4 forn=1. )
Problem: Let P(n) be the statement
1+3+5+-42n=1)=n2+5.
Show that P(k) is true=> P(k + 1) is true. Can we
conclude that P(n) is true for all n?
Solution: Assume that P(k) is true.
cie, 1+ 345+ 4+ 2k~1)=k2+5 Ly
Then, 1 +3+ 5+ +[2(k+ 1)~ 1]

GATE

| a4 34+ (k= )]+ @k + 1)
=(k2+5)+2k+1 [by ()]
=k+1)2+5

soP(k+ D) istrue.
Whenn=1,LHS=1and RHS=12+5=6
1.e.. P(1) is not true. Hence we cannot conclude

that P(n) is true for all n.

Problem: Let P(n): 2 divides 2n— 1,

(a) Prove that P(k) implies P(k + 1).

‘(b) Show that P(n) is not true for any n.

{£) Does the result (b) contradict induction hy-
pothesis?
Solution: {a) Assume that P( k) is true. That 18, 2
divides {2k - 1).
Since 2 divides 2k — 1, 2 divides (2k - 1 + 2) al-
c0. 1.e., 2 divides (2k + 1).
Whenn=k+1,2n-1=2{k+ l)m 1=2k+1.
Thus, we find that P(k + 1) is true.
(b} Obvious since 2n - 1 is always odd.
{¢}) The result (b) contradicts the induction hy-
pothesis (namely, P(k) is true). -

OBJECTIVE QUESTIONS -

1. Decide if the following statements are True
or False.

(a) 1t is possible to prove by induction that
the power set of an 'n' element set has 2
elements.

(b) 77— 1is divisible by 6 forn=1,2, ...

(c) 117" -6 isdivisible by 5, fornz21

(d) 3-520+ 14230+ g divisible by 17,n2 1

2. Choose the correct alternative! -

{A) 20 > n3 for

(a)nz=8 (byn> 10
(cyn=10 (dyn=11
(B) 27 +2n% 1+ .. + 220 equals
(ay2n*t-2n (b)22n+11

() 22n+2_ 9 (d) 220+ 1 _9n
(1. 2+2-3+3 4+ +n-(n+1)has
the value
n(n + 1)(2n + 1)
(a) 6
nln + 1){n + 2)
b . S
(b) 3
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KEY

1. All the statements are True.

2. (A) (o) (B) (d) (©) (b)

EXERCISE

1. Use induction to prove the fdllowing.

s 2492 + 4+l = Dﬂ(_n_i_ll(z_n.j_lz
(i)14+22+ .. +n 6

i) 12+32+ +(2n+1)2

_(n+1)(2n+1)(2n+3)
6 v

for n > |

. 5 .
(iii) 5 divides n"—n whenever n is a non-
negative integer.

n 2 2
3
(iv) Z A n(n+ 1)
r=1k 4
(v)20>n3 forn>9
1 1 1 3 ]
+, + ...... + B = —
I8 5t (n—n 2 n

correct? Justify.

3. Write a formula for the sum of the first n even
positive integers. Prove it by mathematical in-
duction. .

- PROBLEMS WITH SOLUTIONS

1. If + denotes symmetric difference A, prove
(i) A+ (B+C)=(A+B)+C for any three
sets A, B, C
(i) A+ A=¢and A+ ¢= A for any set A
Solution

(i) First note that
{a) AAB=(AUB)-(ANB)

b A-B-C)=(A-B)U(ANC(C)

) (A-B)-C=A-(Bu(Q)

(d) (AUB)~(AUC)=B-(AUC)
Now,A+(B+C)=AA(BAC)

95

=[A-(BAQ)] U [(B AC)- A] (by definition)
. , ()
Also,A-(BAC)
=A-[BUC)-(BNO)(by(a)
=[A-BUCOJUMANBNC) (by(b)..(2)
Again,(BAC)- A B
=[(BUC)-(BNO)J-A (by(a)
=(BUC)-[(BNC)uA](by(c)
=B U C)-[(AUB)N (A U C)](using distrib-
. utive law)
=BUC)-[(BUA)N(CUA)
=[(BUC)-(BUA)U[CUB)-(CUA)
(by De Morgan’s law)
=[C-(BUA)]U[B-(CUA)](by (d))..(3)
Using (2) and (3) in (1), we have
AABAC)=(ANnBNC)U[A-(BuUC)]
U[B-(CUA)]U[C~-(AuUB)] .. (4
Interchanging A and C in (4),
CABAA)=(CNBNA)U[C-(BUA)
UB-AuQO)]U[A-(Cu B)] .. (5
ButCA(BAA)=(BAA)AC=(AAB)AC
Since the right sides of (4) and (5) are equal, it fok
lowsthat AA(BAC)=(AAB)AC
ie,A+(B+C)=(A+B)+C
(i) A+A=AAA=AUA-ANA=A-A=¢
andA+o=AA¢Q . ,
=AUO-ANd=A-0 =A.
2. Show that for any three sets A, B, C
()(A-B)-C=(A-C)-(B-C)
() ANB-C)=(AnB)-(ANC)
Solution
(i)(A-B)-C={x|xe A-Bandx e C}
={x|xe Aandx¢ Bandx e C}
={x|(xe Aandx ¢ C)and x ¢ B}
={x|x€ (A-C)andx ¢ (B-C)}
(“xegB=x¢ B-0)
={x|xe (A-C)-(B-C)}
=(A-0C)-B-0).
(i)AN(B-C)={x|xe Aandxe B~ C}
={x|xe€ Aand (xe Band x ¢ C)}
={x|(xe Aandx € B)and x ¢ C}
={x|xe (AnB)andx ¢ (AN C)}
(xgC=>xe ANC)
={x|xe (ANnB)-(ANC)}
=(ANnB)-(AnC).
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3. Draw Venn diagrams for
(a) AuBCB,butBZ A
b)AcB,AcC,BNCcA.
Solution C
(a) Bc A UBalways. Given AUBCB
~BcAUBcB.Thus, AUB=B
~AcBgivenB Z A

@ B
b)AcB,AcC=AcBnNnC
givenBNCcA. .. A=BnC

B C

4. Let A, B, C be subsets of the universal set U.
(i)IfAnB=AnCandKﬂB=KﬁC,
show that B=C.
(ii)IfAnC;BnCandAﬂCQBn(f,
show that A < B. ‘
Solution
@HB=UNB=(AUA)NnB=(ANB)U
_ (ANB)
=(ANC)U(ANC)
(‘ANB=ANC,ANB=ANC)
=(AUA)NC=UNC=C

(i) AnC €BNCand ANCS(BNC)

= (ANC)U(ANC)
c(BNC)u(BNC)

=ANn(CuC)cBn (CUC)

=>AnNnUcBnNU
= AcB.
5 LetA={l1,2}and C= {(1,2),(1,4),(2,4)}
(i) Find a set B, so that AXxB 2 C.
(ii) Does there exists a set B, such that
AxB=C?

GATE

Solution
(i)B=1{2, 4}

(ii) Suppose, there is a set B having n ele-
ments. Since A has 2 elements A x B will
contain 2n elements. But C has 3 ele-
ments. Since 2n = 3 is impossible for any
positive integer n, there is no set B satis-
fying AxB=C.

6. Let A=B={1,2,3,4,8}. Define~bya~b
& a+ 1 =b. Find the range and domain of ~.
Is ~ an equivalence relation, a partial ordering
on the domain of ~?

Solution

a~boatl=>b

- ~={(1,2), (2,3),(3,4)} so that domain of~
={1,2,3} and range of ~= {2, 3, 4}

~ is not reflexive since (1, 1) & ~

-, ~ is neither an equivalence relation nor a

partial ordering relation.

7. Let Z be the set of all integers and N, the set
of all positive integers. Find, if the relation ~ -
is reflexive, symmetric, antisymmetric and
transitive when

(A x~yex<y+1linZ
b)x~ye|x-y|< 2inN

Solution

(@A) x~yox<y+1linZ

Since x £x + 1, x ~ x for all x, ... ~ is reflex-
ive. ,

x~y=>x<y+1 o ydx+lie,y+x

. ~ is not symmetric.

Take x =0,y = 1. Then

0~1,1~0,but0=# 1 .. ~isnot antisymmet-
ric.

Takex=5,y=4,z=3.

Thenx~y,y~z,butx+z (> 543 +1)

. ~is not transitive.

% Brilliant Tutorials Pvt. Ltd.
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b)x~yex-y/<£2inN
0=|x-x|<2
s x~xforeachxe N
-~ is reflexive
x~y=|x-y/<2
== (y=-x)|<2
=ly—-x|<2
=y~X
.~ 1s symmetric.
Takex=1,y=2,z=4,
Thenx~yandy~z butx~z
since [x —z| = |1 — 4| = 3.
. ~ 18 not transitive.
With x = Ly=2,x~y,y~x,butx#y
2 ~ is not antisymmetric.
8. Let f: Z — Z be defined by, *

X o
—,if x is even
flx)={ 2 '
Sk ,ifxisoddj
2
Find whether f'is a bijection.
Solution _
From the below diagram, f is onto, but not 1 - 1
since 2 and 3 have the same image 1, .. f is not
a bijection. ' »
9. Let f: N — N be such that f(x) = greatest inte-
ger less than or equal to 'x. Check, if f is
1 -1, onto.
Solution -
f(x) = greatest integer < 'x
S~ Af1)=1,f2)=1..fisnot 1 -1 _
Since all the positive integers are images, f is
onto.
10.Let Z, = {0, 1, 2, ......... p— 1} where pisa
prime.
Define f: Z; — Z, by f(x) = 3x (mod 7).

-3 -2 -1

.........

/

0 1 2 3 4

97

Find whether fis 1 — 1, onto. Draw also the

digraph of f.
Solution ,
Z7;={0,1,2,3,4,5,6}
f(0) =0, f(1)=3
f2)=6 f(3)=2 (> 9=2 (mod 7))

f(4) =35, f(5) =1,f(6)=4
Thus fis 1 = 1 and onto
The digraph is

11 Let f: R - R, with f(x) = e, R being the set
of all real numbers. Is f, a bijective function?
If fis a bijection, find its inverse.

Solution
f(x) = f(y) =ex=eY
=ex-y=1=¢g0
=x-y=0
=>x=y
sfisl -1,
For any y € R there exists x = log, y, such that
X log y .
f(x)=e =e ° =

.. fis onto, so bijective.
Hence, f™! : R — R exists and is defined by
f-1(x) = log, x.-
12. Let f: A - B, g : B — A be functions such
that f o g = 1. Prove that f is onto.

Solution '
fog:B — Bissuch that fo g = 1g = identity

function on B.
Foranybe B, glb)e A(~g:B— Aisa
function)

.......

-------
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Let g(b) = a. Then,
fog=1ly = (fog)(®=1g(b)
= f(g(b)) =b
= fla)=b
. for b € B, there exists a € A such that
f(a) b. So f'is onto.
13. Letf: X — Y and B¢ Y. Show that
(Y -B)=X-f"(B).
Solution
xe f-l(Y-B)ef(x)e Y-B
o f(x)e Yandf(x)e B
o xe 1 (Y)andx & f-1(B)
o xe Xandx e f1(B)
o xe X-f1(B)
Thus f~1(Y - B) = X - f~!(B).
14, Letf: X > Y,g:Y — Z. Prove or dlsprove
the following:
(a) g is one-one = g o f'is one-one

() f g onto = (g o f) is onto

(c) go fisone-one => g is one-one
(d) gofis onto =» f is onto

(e) .g o fis onto => g is onto

Solution
(a) We disprove the statement. See diagram

Clearly, g is one-one. (go ) 2) =g (f(2))

= g(b) Y5
. g o fis not

€D () =gE)=gb) =y -
1-1.
(b) To prove (gof) (X)=2Z
Now (g o f) (X) = g(f(X))
=g(Y) (- fisonto= f(X)=Y)
=7Z (. gisonto= g (Y)=27).
(©) (goH(D=g(f(1))=g@)=x
(g0 (2)=g(f(2)) =gb) =y
S go fisl-1

GATE

g(a)=x=g(c)=>gisnotl—-l.

(d) In the above diagram, g f is onto, but f
is not onto, since ¢ is not the image of
any element in X under f.
(e) Letz e Z be arbitrary.
gof: X — Zis onto = there exists
x € X, such that (gof) (x) =2
=g (f(x)) =z
= g(y) =z, wherey=f(x)e Y
-, for z € Z there exists y € Y such that
g(y) = z. So g is onto.

i5. Let P(S) be the power set of a nonempty set &.

Show that (P(S), L) is 2 monoid.
Solution

A, Be PS)=AuUBE P(S)

closed under U.

For A,B,Ce P(S), Au(BuwC)

=(A U B)UC .. Uis associative.

Aud=A=0uUAforall Ae P(S)

- ¢ € P(S) is the identity element.

So (P(S), W) is a monoid.

16. Show that in a group (G, *) if for any two ele-
ments a, b € G, (a * b)2 = a2 * b2, then G is
abelian.

Solution
(a*b)2=a2xb2 = (a*b)*(a*b)
=(a*a)*(bxb)
=ax(b*a)*b=ax(axb)*b
(" * is associative)
=b*a=ax*xb
(by cancellation law in G)
= G is abelian.

. p(8) is

17.1f (G, *) is an abelian group, prove that

(a*b)n=
Solution
Proof'is by induction on n.

an * bn foranya,be G.

& Brilliant Tutorials Pvt. Ltd.

GATE-CS/IT-1-08



GATE

Whenn=1,(a*b)! =a*b=al *b' . state-
ment is true forn = 1,

Assume that (a * b)k = ak * pk (1)
Then (a * b)k+1
=(a*b)k*(a*b)=(ak*bk)*(a*b)

(by (1)

=(ak * a) * (bk * b)
(" * is commutative and associative)
=ak+ 1% pk+1
This shows that (a * b)" = an * bn is true for n
=k+1,
- by induction, the statement is true for all n.
18. In a semi-group (G, *), if x Ay = x * a * y for
a fixed element a of G, prove that A is an as-
sociative operation on G.
Solution
Letx,y,ze G
ToprovexA(yAz) =(xAy)Az.
Now,xA(yAz) =x*a*(yAz)
=x*ax(y*a*z)
=(xkaky)*xaxgz
(" * is associative)

=(xAy)*ax*z
=(xAy)Az
19. Prove, by mathematical induction, the follow-
ing. 4
(@) 12422 4 e +n2= N(n+1)(2n+1)

6
(o) 13+23+ . +n3=(1 + 2 4 e+ )2
(c) l.2.3 S 2.34 A ceerriens +n (n + l) (n -+ 2)

=in(n+l)(n+2)(n+3)

M) 1+5+9+ .. +(4n_3)=n(2n-—|)
() n< 20 n2}|
M 142+ tp< %(2n+1)2

1 1
3 i ! + v + ------
® 1.2745.3
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u D=

K uI A = whereA = comple-
| =

(j),l

ment of A; and A, A, e A, are

subsets of a universal setU.
Solution
(a) Let P(n): 12 -+ 22 F ocecnenns + nz
= %n(n+ @n+1)
Whenn =1, %n(n-f I)2n+1)
1
=5 X1x2x3=1=12

< P(1) is true.

Assume that P(k) is true.
e, 12+22+.. +K2= g k(k+1)(2k+1)

(1)
(Induction hypothesis)
12422 4 +(k+1)2
=[12+22 + e +k2) + (k+1)2

l .
6 Kk+1)@2k+1)+(k+1)2(by (1)

=kt 1 : D @k + 1) + 6(k + 1)]

= (k. Bex U i+ 7+ 6)

= é (k+1)(k+2)(2k+3)
= “é‘ k+1)k+1+1)Q2Kk+1)+1)

This shows that P (k + 1) is also true. .. P(n)
is true for all n.
(b) Let P(n): 13423 4 i +n3
=(1+2+ + n)2
Whenn =1, lefthand side=13=1=12=
right hand side
<o P(1) is true.
Assume that P(k) is true.
lt.,l3+23+ ....... +k3=(1+2+ ...... +k)2

(1)
Then 13 + 23 # e+ (k + 1)3
=[13+23+ ....... k3]+(k+l)3
=(1+2+ -+ k)2 +(k + 1)} (by (1))
2
_ [k(k + ”] +(k + 1)
2
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(o T +2 + s 4_n=n(néf 1))

1
4 &+ D2 +4(k+1)]

L k+ 12 (02 + 4k +4)

—_

Doy 29
(k + 1) (k +2)]
2

I

ES

Il

=[1+2+ e +(k+1)]2
Thus P(k + 1) is true. .. P(n) is true for all n.
(¢) Let P(n): 1 -2 -3 +2 3 -4+ - ¥

R+ @+D= 5 n@+1)@0+2)

4
(n+3)
Whenn=1,lefthandside=1-2-3=6

and right hand side = ‘1‘ X1Xx2x3x4=6
= P(1) is true.

Assume that P(k) is true.

That is,

123 4234 + e +k(k+1)(k+2)

1
=4kk+1)k+2)(k+3) ..(1)

Now, 1:2:3+2:3-4 + -+ (k + 1) (k + 2) (k + 3)
=1.2. 3+....‘...+k(k+ 1)(k+2)+
k+1)(k+2)(k+3)

='i k(k+1)(k+2)(k+3)+(k+1)
k+2)(k+3) (by (1))

T Ty

This shows that P(n) is true for n = k + 1.
-~ P(n) is true for all n.
(d) Let P(n) be the statement
1+5+9++@n-3)=n(2n-1).
When n = 1, left hand side = 1 and right
handside=1(2x 1 —-1)=1, so thatP (1) is
true. '
Assume that P (k) is true.
Then1 +5+9+-+(4k-3)=k (2k/— 1)
/()

GATE"-

Now, 1 +5+9+ e+ [4(k+1)=3]
=1 4+5+ o +(@4k=3)+@k+1) :
=k (k- 1)+ @k +1) (by(1))
=2k? + 3k + 1
=(k+1)@2k+1)
=k+DR2E&+1D-1]
Thus, P(k + 1) is true and so P(n) is true for
all n.
(e) LetP(n):n<2", n21.
Then P(1) is true since 1 < v
Assume that P(k) is true. Then k <2X ..(1)
Nowk+1<2¥+1 (by(1)
<2k4k (o1 < 2¥ always)
=2kx2
=2k+l
- P(k + 1) is true and so P(n) is true forn= 1.
(M P):1+2+...+n<g (n+1Y7

1 5 119 9
Whenn=1,8 (2n + 1)" = 8 and 1 < 3

- P(1) is true.
Assume that P(k) is true. Then

142+ e +k-<—;_(2k+1)2 (D
Now 1 +2+ et (k+1) =(1+2
N +k)+(k+1)
@k + D+ (k+ 1) (by (1)
[4k2+4k +1+8 (k+1)]

- (4k2+ 12k +9)

00 |+ OO0 == OO |+

—

- 2
* 8(2k+3)

= é[Z(k+l)+1]2.

. P(k + 1) is true. Thus P(n) is true for all n.

1 1
(@ P(n):—l__.——i + _2._5 Foeereen

1 n
+
nin + 1) n+ 1
When n =1, L.H.S. (left-hand side) =

1 1
~—— = 5 =R.H.S (right-hand side)

1-2 2
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o P(1) is true.
Assuming P(k) to be true, we have .

1 ]
153303
1 R .
k(k + 1) k + 1 -
Now
1 1 1
TR T (k+ 1)(k + 2)
1 1
M grigatuign. 5t
iy L + l
k(k + 1) (k + 1)(k + 2)
-k ! (by(1))
k+1  (k+1)(k+2) '
- ,1 k(k+2)+1
(K + 1)(k + 2) KE&+2+1]
k + 2k +1° (,kw+,,1)2
T(k+ D(k+2) (k+ 1)k +2)
_k+1
Tk o+ 2
- k+1
(k+1)

Hence, P(k + 1) is true. Thus P(n) is true for all n.
(h) P(n): o’ + 2n is divisible by 3.
When n = 1, n® + 2n = 3 which is divisible
by 3.
- P(1) is true.
Assume that P(k) is true. That is, I + 2k is
divisibie by 3 ... (1)
Now (k + 1 +2 (k+1) = (k3+2k)+3 (k%
+k+1)
By (1 ), K} + 2k is divisible by 3; also
3(k2+k+ 1) is divisible by 3.
& (k+ 1)+ 2 (k + 1) is divisible by 3. That
is, P(k + 1) is true. So P(n) is true for all n.

101

+ ar”

Let P(n): a + ar + ar® + <o + ar™ ~ ! =

n
1 —
E‘(l—_-:—) ,r# 1.

n
Whenn=1,RHS=3a(l — r)
1 —r

. P(1) is true.
Assume that P(k) is true.
Thena+ar+ - +arkT =202 )

Now,a+ar+........ +ark=(a+ar+..

..... +al""')+'a"k
=5 T L ak by (1))

1l —-r

Thus, P (k + 1) is true. .. P(n) is true for all n.

() P(): Al N A2 (13 N An
= B By Mty oni \.J__An
Clearly P(1) is true, since both sides are A, .
Assuming P(k) to be true, we have st
ALNA) O n A,
= A U A, U i, U AL (1)
NOW’AIHA)Q ...... ﬂAk+'
= (A NA N .. ”Ak)”Ak+|
e .. (2)
=AN Ak .l ¢
where A=A, NA, N N Ay
=AU Kk + 1 (by De Morgan’s law)
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=A, UA U ... UAkUAk+l(b)’(1))
Thus, P(k + 1) is true and hence P(n) is true for
all n.
3.8 RECURRENCE RELATIONS
Definition 1: Let ag, a;, ay, ..... a,, ....... be a se-
quence of numbers. An equation relating a num-
ber a,, for any n, to some of its predecessofs
ag, a;, ~ a, _ 1 is called a recurrence relation or
difference equation.
Example: Consider the geometric series
B 8752, i, BBissatinno
Hereag=1,2a; =5,a,=52........ S0 that a, =50
Note thata, =5"=5.5""1=35a _,
Thus a, = 5a, _ | with a; = 1 is the required re-
currence relation.
Example: We obtain a recurrence relation for the
Fibonacci sequence 1, 1, 2, 3, 5, 8, 13, 21,
as follows:
Hete ap = 1, a; = 1, a, =

1 +1=a,+ a,

a3=3=1+2=al+a2,a4=5=a2+a3 ......... s
Sothatan=an_2+an~].. .
Thusa,=a, | +a,_,withay=a, =1isthe

required Fibonacci sequence.

Example: Suppose there are n ovals drawn on the
plane. Assume that (i) an oval intersects each of
the other ovals at exactly two points and (ii) no
three ovals meet at the same point. The problem is
to obtain a recurrence relation which tells the
number of regions into which the plane is divided
by these ovals.

Let a, = number of regions determined by the n
oval clearly a; = 2, a, = 4, a; = 8 (see Figure).

GATE

Assume that we have drawn n — 1 ovals which
divide the plane into a; _ ; regions. Then the nth
oval will intersect these n — 1 ovals at exactly
2(n - 1) points. That is, the nth oval will be divid-
ed into 2(n — 1) arcs. Each of these arcs will di-
vide one of the a, _ | regions into two regions.

soa;=a, _;+2n-1)witha =2 is the re-

quired recurrence relation.
Remark: Suppose a recurrence relation is given.
To initiate the computation, one or several num-
bers in the sequénce ay, 4y, 3y ... must be known.
These initial values are known as boundary con-
dition.

In example 1, boundary condition is a; = 1; in the
case of example 2, itisa; = 1,2, = 1.

Definition 2: A recurrence relation of the form
CoaptcCpa, |+ . tea,_=fn) ..(1)
where ¢;’s are constants is called a linear re-

currence relation with constant coefficients.

Solution of the recurrence relation (1) is ob-
tained as follows. -

Any solution satisfying

Coaytera, g+ +tcoa =0 ..(2)

is known as the homogeneous solution of (1).

(h)

n-r

It is denoted by a . Any solution satisfying

(1) is called the particular solution of (1). It is

denoted by a(np) . Thus the general solution

of (1) is a(n"’ + aff)

Procedure to obtain the general solution of (1)

(i) Let a, = Aa" be a trial solution of the equa-
tion (2). Then we get an equation of the form
_10+c,=0 ...(3)

Equation (3) is known as the characteristic
equation of the given equation (1). Its roots are
called the characteristic roots of the equation (1).
Equation (3), being an equation of degree r has r
roots, say, 0, O, ..... 0.

(ii) (a) If all the roots are distinct and real, then

coa’+c,ar"+ ...... +c,
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where A;’s are constants.
(b) If oy is a multiple real root of order k, then

(Al nk ! e 1«2 nk 2+ T Ak) arl] is the corre-
sponding homogeneous part.

(¢) If oy = a + if is a complex root, then
0, = o — if is also a root of the characteristic
equation.

Let ¢2 =02+ Bz, 0 = tan-! (B )
o

Then B;p" cos n@ + B,p" sin n6 is the corre-
sponding part of the homogeneous solution wher-
ever o + i is a complex root of the equation, By
B, are constants).

Remark: There is no general method to obtain
the particular solution (P) of the given equation
(D).

Example: Solve the recurrence relation

a,=a,_ta,_,a,=1, =1
Wehavean—an_,— a,_,=0 . (1)
<. the characteristic equation isot® — .~ 1 =0
o= :tzw/g
Putoz—1 +2‘/§ ,a2=l —2\/5

Then, a( ) —Al(l J;_\/—) +A(l —;ﬁ)n

2
a(np) = 0 since right hand side of (1) is 0

.. general solution is a,
n
1+ V5 -5
1( 3 ) ( 5 )A2 - (2)

Since a, = 1, by (2), A +Ay=1landa; =1, by
(2) gives ‘

2
V3 + 1 V5 -1
Solving, A= 275 . Ay 275

103
Using these in (2),
Vs + 1) [1 + 1+45)
W=\ 25
. V5 - 1 1 — \/3 ?
V5 ‘
Exar;nple Solvea, —2a, | +a _, =0, a; =2,
a =
The characteristic equation is o - 20+1=0
(h) (p)
“a, =Amn+A,anda  =0.
A =An+A,
a,=3=3=2A,+A,
Solving A; =1,A,=1
- solutionisa, =n+ 1.
Example: Solve a = a,_1—a,_pa=1a,=0.

The characteristic equation o® — o + 1 = 0 has

the roots

_1+iV3 _1-iV3

oy > , 0y = > which are

complex.

af‘h)___ B,p" cos no + B,p" sin n® where B,

B, are constants, p2 = i + 3 2 1,

O=tan 'V3 =

(h) nn . nm
sag= a . =B, cos 3 + B, sin 3

—_

'(since a’ = 0)

wiy =

a1=1=>1=B|cos T
3
1
=7 (B + V3 By
+B2sin23n

+B, sin

a2=0='.>0=Bl covs‘7'7t
3
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(—B] +3 B2)

B |

1;
Solving B, =1,B, = \/5

I . nnm
sin ==
33
Example: Solvea, +2a, | =n+3,23,=3...(1)
In this case,
a+2 0.
==-2

sap=cos BE +—
3

a(nh) = A2
Assume that Bn + c is the particular solution of
the equation. Then from (1),
(Bn +¢) +2 [B(n - 1) +c]=
(v a,=Bn+c¢)
Equatmg coefficients of n and constant terms
3B=1,3C-2B=3

n+ 3

1 1
B"B,C"?
(p) _ _n 11
Thus% —-Bn+c——3—+~9~
(n) _(p)
- general solution isa, = a +a,
11
=A(—2)“+3 + 9
o 11 16
Smceao=3,3=A+?.'.A=—9—
16 o0 1L
a, 9 =2)"+ 3 9
Example: Solvea at2a,_ g ta_,=2"

Since o +2a+1~0 a——l —-1

(h) .
LA, =(Ap+ AN (- D"
Assume A-2" as the particular solution. Then
A2 +2(A2" ~ 4+ AN 2= n

A 4

or 2A+4 =1 ..A.—9
(

anp) = %2“. So general solution is

4
a; = (A + Ayn)(- 1)"+§ 2"

the characteristic equation is |

GATE

where A,, A, are constants which can be found
by the boundary conditions.

-OBJECTIVE QUESTIONS
1. Solution of the recurrence relation
a,=2a,_, 4“",a]=3is
n
(a) a, = -22~
n
®) 5= 5 40!
n n
2 4
€ a,= > +—

(d) none of the above
2. Let {f } and {g,} be two sequences of num-

bers given by the recurrence relations

for1=fh* 8 gor1=—fite
Then f,, and g, are given by
(@) £y, =221, gn=2"g,
M) f,,=2""g,, 84 = 22",
(€) f4=— 2% Eo Ean =~ 22 55

@f, =@=n"2"f

o Ban= D2 g
Directions
Consider the following function

Function (n, m: integer): integer;

begin
If(n<0)or(me0)thenF:=1
else
F:=F(n-1,m)+F(n,m-1)
end,

Use the recurrence relations
2Cg =n-1Cg + 1~ 1Cg _ | to answer the fol-
lowing two questions. Assume that n, m are posi
tive integers.
3. The value of F (n, 2) is

(8) n+2Cl (b)n+2C2
(©) n-t l'C2 (d) n+ IC!
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The value of F (n, m) is

(a) l’l+m Cm (b) n+mCm—1 .
(c) n+an (!i) n+an_l
Directions:

Let F be the set of 1-1 functions from the
set {1,2,...,n} to the set {l1,2,..,m} where

mz2n21. Answer the following two
questions:
How many functions are members of F?

(a) "P, (b) "P,
© "By @ "'p,

How many functions f in F have the
property f(i) =1 for some 1<i<n?

(@) m(m-1) (m-2)...(m -n)

(b) m(m-1)(m-2)..(m-n-1)
(© (m-1)(m-2)..(m-n+1)
(d) none of these

KEY

(c) 2. (d) 3. (I}) 4. (a)

5. (b) 6. ().

105
SELECTED QUESTIONS AND ANSWERS
GATE 2002 '

1. “If X then Y unless Z” is represented by
which of the following formulas in
prepositional logic? ("—" is negation, “A”
is conjunction, and “— " is implication)
A) XA-Z)>Y
B) XAY)>-Z
©€) X>(YAr=Z)

D X->Y)A-Z
Ans: (A)

2. Four fair coins are tossed simultaneously.
The probability that at least one head and
one tail turn up is

(A) 1/16 (B) 1/8
() 7/8 D) 15/16 .
Ans: (C)

3. The binary relation S=¢ (empty set) on
set A={1,2,3} is
(A) neither reflexive nor symmetric.
(B) symmetric and reflexive.
(C) transitive and reflexive.
(D) transitive and symmetric.
Ans: (B)
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