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Presents a review of scientific knowledge, engineering practice, and construction
experiences regarding shear and diagonal tension in reinforced concrete beams,
frames, slabs, and footings. Recommendations for new design procedures are
substantiated by extensive test data.

Chapters | through 4 deal with background and general principles. Chapters 5
fhrougﬁ 7 present the development of new design methods for reinforced concrete
members without and with web reinforcement, and for members without and with
axial load acting in combination with bending and shear. Chapter 8 deals with
slabs and footings including the effect of holes and transfer of moments from
columns to slabs.

Esfuerzo Cortante y Tensién Diagonal

Se revisan los conocimientos cientificos, ingenieria préictica y experiencias en
construcciones relativas al esfuerzo cortante y tensién diagonal en vigas, arma-
duras (marcos rigidos), losas y cimientos de hormigén armado. Se recomiendan
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nuevos procedimientos de disefio comprobados por los datos obtenidos por medio
de ensayos extensivos.

Los capitulos 1 al 4 tratan de los antecedentes y principios generales. Los
capitulos 5 al 7 presentan el desarrollo de nuevos métodos de disefio para
miembros de hormigén armado con y sin refuerzo del alma y para miembros
con y sin carga axial combinada con la flexién y el esfuerzo cortante. El capitulo
8 trata de las losas y cimientos incluyendo el efecto causado por agujeros y el
traspaso de momentos de las columnas a las losas.

L’Effort Tranchant et la Contrainte Principale

On présente une revue de lart scientifique, de la pratique du génie et des
expériences dans la construction relatives aux efforts tranchants et & la con-
trainte principale dans les poutres, les portiques, des dalles et les semelles de
fondations en béton armé. Les recommendations pour les nouvelles procédés
de calcul sont justifées a I’aide de résultats nombreaux d’essais.

Les chapitres 1 & 4 concernent les bases et les principes généraux. Les chapitres
5 a 7 présentent I’évolution de nouvelles methodes de calcul d’éléments en
béton armé avec et sans armatures de cisaillement et d’éléments soumis 3 la
flexion simple et composée avec les efforts tranchants. Le chapitre 8 concerne
les dalles et les semelles de fondations y compris linfluence des trous et la
transmission de moments de flexion des colonnes aux dalles. '

Schub- und Hauptzugspannungen

Es wird eine Ubersicht gegeben iiber wissenschaftliche Erkenntnisse, tech-
nische Praxis und Bauerfahrungen beziiglich Schubsicherung in Stahlbeton-
trigern, Rahmen, Platten und Siulenfussplatten. Empfehlunger flir neue
Berechnungsverfahren werden durch umfassende Versuchsunterlagen erhirtet.

Kapitel 1 bis 4 behandeln die Vorgeschichte und die allgemeinen Grundsitze.
Kapitel 5 bis 7 enthalten die Entwicklung von neuen Berechnungsmethoden fiir
Stahlbetonteile ohne und mit Schubbewehrung und fir Bauglieder unter Biegung
und Schub ohne und mit gleichzeitiger Lingskraft. Kapitel 8 behandelt Platten
und Siulenfussplatten einschliesslich der Wirkung von Aussparungen und die
Ubertragung von Momenten von Siulen zu Platten.

ACI-ASCE Committee 326, Shear and Diagonal Tension, was formed in 1950 to
develop methods for designing reinforced concrete members to resist shear and
diagonal tension consistent with ultimate strength design. Several investigations and
test programs were initiated, sponsored and conducted by numerous organizations,
including Committee 326, the Reinforced Concrete Research Council, many univer-
sities (especially the University of lllinois), the American Iron and Stee! Institute,
and the Portland Cement Association. Progress reports of Committee work were
presented at the AC| 55th annual convention, February 1959, and the 56th con-
vention, March 1960. This three-part report is the culmination of a 10-year study.
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CHAPTER 8 — SLABS AND FOOTINGS?

800—Iintroduction

It is not economically feasible to test numerous slab floor systems to
determine the shear strength of the column to slab connection or to
determine the effect of a concentrated load. However, the shear strength
problem in the vicinity of a concentrated load or reaction may be con-
sidered a localized condition involving only a portion of the slab around
the loaded area. Consequently, laboratory specimens have generally been
square slabs with column stubs at the center of the slab and with supports
at the four edges. This specimen approximates the portion of a flat plate
floor system which extends from the column out to the region of contra-
flexure of the slab.

This type of test specimen is similar to a column footing, except for
the support conditions. In many respects reinforced concrete column
footings are acting as a portion of an inverted flat slab. Therefore, the
shear problem of a concentrated load on a slab, of a column to slab
connection in a flat slab or flat plate, and of a column connection in a
footing, are in reality similar problems. They will be considered simul-
taneously in this report unless otherwise noted.

801—Review of research

While the first theoretical and experimental investigations of the
behavior of reinforced concrete beams was reported during the last
years of the nineteenth century,’ the results of the first extensive study
of the shear strength of slabs was published in 1913 when Talbot® pre-
sented his well-known investigation of reinforced concrete footings.
Altogether 114 wall footings and 83 column footings were tested to
failure. Of the latter, approximately 20 specimens failed in shear. Talbot
computed shear stress by the formula

v
S 4 e 8-1
Y= YG T 2d)id (8-1)

in which

» shear stress

shear force

side dimension of square column
effective depth of slab

internal moment arm of slab
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It was found that relatively high values of shear strength were obtained
when large percentages of tensile reinforcement were used in the slabs.

.+ This chapter was developed largely on the basis of the work by Johannes Moe reported
in Reference 20 of Section 811.
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Talbot’s study of reinforced concrete footings was reflected in the design
practice of many countries throughout the world.

In 1915, Graf and Bach® reported a large number of slab tests which
were undertaken mainly to study flexural strength. Most of the slabs
were loaded simultaneously at eight or more points. A few slabs, loaded
at the center only, failed in shear; a portion of the slab having the form
of a truncated cone was pushed out underneath the load.

The shear strength of slabs loaded by concentrated loads near supports
was studied by Graf* in 1933. A series of shear tests was carried out on
each of three slabs. The results showed clearly that the shear capacity
decreased as the load was moved away from the supports. Graf com-
puted shear stress by the formula

where t is the total depth of the slab.

Graf found that the shear strength increased with concrete strength,
but at a lower rate than compressive and tensile strength. He suggested
that flexural cracking may have some influence on shear strength.

Another series of tests was reported by Graf® in 1938. Eight very
thick slabs, six of which had shear reinforcement, were tested. The slabs,
which were approximately 5%-ft square, were supported along all four
edges. The thicknesses varied between 12 and 20 in.

Richart and Kluge,® in 1939, reported an investigation of reinforced
concrete slabs subjected to concentrated loads, which was undertaken to
provide information on the design of highway bridge deck slabs. As part
of the investigation, seven shear tests were made on two long rectangular
slabs with an effective depth of 5.5 in. and a short span of 6 ft 8 in. The
loaded areas were circular, 6 and 2 in. in diameter. This report also in-
cludes data on shear tests of eighteen 5-ft square slabs simply supported
on two edges only. As shown in a recent study by Elstner and Hognestad,”
many of these slabs seem to have failed in flexure, but some shear
failures are also recorded. The main purpose of the latter series was to
determine the effect of size and shape of the load-bearing area.

While the ultimate shear stresses, as computed by Eq. (8-1), were
approximately 0.08 times the cylinder compressive strength f/, for the
long slabs, only about 60 percent of that stress was obtained in the latter
series. The authors concluded that the stresses obtained by using Eq.
(8-1) are only nominal and arbitrarily chosen, and that an increase in
flexural strength of the square slabs would probably have increased
shear strength.

Forsell and Holmberg® in 1946, reported on extensive shear tests of
slabs carried out from 1926 to 1928. One series of tests was made on
circular slabs of sand-cement mortar. The slabs which had diameters of
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11.5 to 17 in. were reinforced by spiral reinforcement and the edges were
strengthened by heavy steel rings. The thickness of the slabs varied from
1% to 3% in. Shear stresses, assumed to be parabolically distributed
across the depth of the slabs, were computed by the formula

15V
bt

The critical section determining the perimeter b was taken at a distance
of t/2 from the edges of the loaded area. The diameter of the supporting
ring, which varied between 6 and 12 in., was in many cases so small com-
pared to the thickness of the slab that the base of the frustum of the
cone forming at failure extended all the way to the supports. Consider-
able increase in shear strength due to the influence of the supports is
probable under such conditions.

In a second series, twenty-two 4 ft square reinforced concrete slabs
were tested. The slabs had a thickness of approximately 4% in. All slabs
but one were supported along all four edges with the corners tied down.
The main variables were concrete strength and manner of loading.

One reinforced concrete slab continuous over three spans was also
tested by Forsell and Holmberg. Eleven shear tests were made at dif-
ferent points of this slab. The influence of bending moment on shear
strength was clearly demonstrated.

At the University of Illinois, Newmark, Siess, et al.,%1%!1 as part of an
extensive investigation of highway bridges, reported a number of shear
tests of mortar bridge deck slabs 134 in. thick. Their first report in-
cludes tests of 15 models of simple span, right angle I-beam bridges.
All slabs failed in shear at loads Py, considerably higher than those
causing first yielding of the tensile reinforcement P, The average
value of Piest/Pyicia was as high as 1.8, thus indicating that the ultimate
flexural capacities of the slabs probably were almost exhausted at the
time of shear failure. The authors stated that the loads at shear failure
to a certain degree seemed to be dependent on the same factors as the
loads at first yielding. _

The second Illinois report describes tests on five skew simple-span
I-beam bridges with angles of skew of 30 to 60 deg. Final failure in all
cases took place by shear at loads higher than for the right-angle
bridges.

In the third Illinois report, tests on three two-span continuous I-beam
bridges are reported. Higher shear strengths were found at midspan than
over the supports, probably as a result of the direct axial forces in the
deck slabs, which acted as flanges in the composite I-beam sections.

Richart,'? in 1948, reported the results of an extensive investigation
on reinforced concrete footings. In all, 24 wall footings and 140 column
footings were tested to failure. Of the latter, 128 were 7-ft square, the
rest being of rectangular shapes, 6 x 9 ft, and 6 x 10 ft. The major

v =
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variables were: amount, strength, bond characteristics, and end anchor-
age of tensile reinforcement; concrete strength; and effective depth of
the footings. Apparently, 106 of the column footings failed in shear.

Richart concluded that shear stress rather than bond stress may fre-
quently be a critical feature in the design of a footing. The shear stress
at failure, calculated by Eq. (8-1) at a distance d from the faces of the
columns generally varied from less than 0.05 f;” to 0.09 f/. The value of
v/f. increased consistently as the effective depth of the footing de-
creased. When high tensile stresses in the flexural reinforcement and
extensive cracking of the footings were present, an early failure in
shear evidently took place.

Hahn and Chefdeville,'® in 1951, presented a short description of shear
tests on three slabs. The specimens were approximately 7-ft square
with thicknesses of 9 to 10 in., and were loaded through a 20 in. square
column stub. Two of the slabs were strengthened in shear by heavy
structural steel crossheads.

A few shear tests on deck slabs of I-beam bridges were reported by
Thomas and Short'* in 1952. One of these deck slabs was prestressed.

Hognestad,” in 1953, published the results of a re-evaluation of the
shear failures of footings which were reported by Richart. Hognestad
recognized the effect of superimposed flexure on ultimate shear strength,
and he introduced the ratio ¢ = V4/V}... as one of the parameters in
his statistical study of the test results. In this ratio, V., is the observed
shear force at shear failure, V. is the shear force at flexural ultimate
strength as computed by yield-line theory. He also suggested that shear
stress be computed at zero distance around the loaded area because this
seemed to give the best measure of the shear strength.

The following ultimate shear strength equation was found to apply
within the range of variables covered by Richart’s tests

v 0.07 .
= 7 = . =} f 130 psSi.cceennl 8-4
7 bd (0035-1— e )f + psi (8-4)

where ¢, = V/Viico

Hognestad indicated that Eq. (8-4) was found to apply for values of
r/d, the ratio of column width to effective slab thickness, between 0.88
and 2.63, but is probably unsafe for values of f;/ below 1800 psi. A new
design method based on Eq. (8-4) was suggested and compared to the
provisions of the 1951 ACI Building Code.

Elstner and Hognestad,” also in 1953, reported shear tests of twenty-
four 6-ft square and 6 in. thick reinforced concrete slabs. The majority
of these slabs were supported along all four edges. The results of these
tests, as well as those reported by Forsell and Holmberg,® and Richart
and Kluge® were analyzed and compared to the strengths predicted
by Eq. (8-4).
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Keefe,'® in 1954, investigated the effectiveness of a special type of
shear reinforcement known as “shearheads.” Two pairs of octagonally
shaped slabs were tested, one of each pair being furnished with a “shear-
head,” while the other had no shear reinforcement. The slabs with
shearhead had an ultimate shear capacity approximately 40 percent
higher than those without.

Elstner and Hognestad,'" in 1956, reported tests of thirty-eight 6 ft
square slabs which were loaded through column stubs in the center,
and, with a few exceptions, were supported along all four edges. Twenty-
four of these tests were also reported earlier.” The major variables were:
concrete strength, percentage of flexural tension and compression rein-
forcement, percentage of shear reinforcement, and size of column. The
effect of concentration of the flexural reinforcement was also explored.
No effects on the ultimate shear strength were found due to variation
in concentration of the tension reinforcement under the column or the
amount of compression reinforcement. The new test results indicated
that Eq. (8-4) gave unsafe values of the ultimate shear strength for
high concrete strengths (4500-7300 psi). By statistical analysis of all of
the slabs, except those with shear reinforcement, the following equation
was found to be in better agreement with the test results

v

AT 333 psi + 0.046 f' /oo (8-5)

For the slabs with shear reinforcement, the following equation was
suggested on the basis of new tests and the tests reported by Graf*?

v = 333 psi + 0.046 f'/¢po + (qu—0.050)Ff" ... (8-6)
where
. A, fy sin « 8-7
qu = U bdfr F ( )
and
A area of shear reinforcement

y =
fy = yield point of shear reinforcement
o = inclination of shear reinforcement

Eqg. (8-6) indicates that the shear reinforcement is not fully effective.

Whitney,'™ in 1957, presented an ultimate strength theory for shear
which is radically different from the earlier approaches to this problem.
Whitney based his study on previously reported test results!>'* of slabs
and footings but excluded a number of tests which he believed involved
bond failure. The excluded slabs had large amounts of tension reinforce-
ment consisting of closely spaced bars. For the remaining slabs, Whitney
assumed that the shear strength is primarily a function of the ultimate
resisting moment m of the slab per unit width inside the “pyramid of
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rupture,” i.e,, the frustum of a cone or pyramid with surfaces sloping out
in all directions from the column at an angle of 45 deg.

Whitney proposed the following ultimate shear strength equation

v =100 psi + 075 ™ & (8-8)
& L

where v is computed at a distance of d/2 from the surfaces of the loaded
areas, and [, is the “shear span” which in the case of a slab supported
along the edges is taken as the distance between the support and the
nearest edge of the loaded area. In the case of a footing with uniform
distribution of the reaction, I, is taken as half of the distance between
the edge of the footing and the face of the column.

Since the test results of specimens with relatively high flexural
strengths were omitted in the study leading to Eq. (8-8), it can only
apply in cases of nearly balanced design, i.e., when ¢, is close to unity.

According to Eq. (8-8) the shear strength of a slab can be effectively
raised by increasing the amount of flexural reinforcement inside the
pyramid of rupture. This also should apply if the increase of reinforce-
ment through the pyramid of rupture is accomplished by shifting tensile
reinforcement from outside the “pyramid” to the inside. Hence, Whitney’s
formula agrees with the 1956 ACI Building Code in that a concentration
of the flexural reinforcement in a narrow band across the column is
assumed to increase shear strength.

In computing the ultimate shear force V in footings, Whitney sub-
tracted the support reaction inside a distance of d/2 from the faces of
the column. Most other investigations have subtracted the total sup-
port reaction on the base of the “pyramid of rupture.”

In a recent study, Scordelis, Lin, and May® investigated the shear
strength of prestressed lift slabs by testing fifteen 6 ft square slab
specimens. The slabs were supported along all four edges; twelve of the
slabs were prestressed with unbonded cables. Major variables were con-
crete strength, amount of prestressing, size of steel collars, thickness of
slabs, and amount of collar recess.

The ultimate shear strengths were compared to the predictions of
Eqg. (8-5) and (8-8), and reasonably good agreement was found in both
cases. To apply these equations, it was necessary to evaluate the ultimate
flexural moment capacities of the slabs. For this purpose it was necessary
to make some assumptions regarding the values of the steel stress at
ultimate moment and the effect of recesses in the slabs on the ultimate
moment capacity. The assumptions made appear reasonable, but they
could be questionable.

Moe?® in 1961, reported tests of forty-three 6 ft square slabs which
were similar to the test specimens of Elstner and Hognestad. Moe’s prin-
cipal variables were: effect of openings near the face of the column,
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offect of concentration of tensile reinforcement in narrow bands across
the column, effect of column size, effect of eccentricity in applied load,
and effectiveness of special types of shear reinforcement. He also in-
cluded a statistical study of 260 slabs and footings tested by earlier in-
vestigators.

Moe’s work represents a thorough, complete and up-to-date study of
the shear strength of slabs based on practically all available data. Major
portions of this chapter were taken almost verbatim from Moe’s report,

a draft copy of which was made available to Committee 326 by the
Portland Cement Association.

Some of the more important conclusions arrived at by Moe are:
1. The critical section governing the ultimate shear strength of
slabs and footings should be measured along the perimeter of the
loaded area.

2. The shear strengths of slabs and footings depend on flexural
strength.

3. The triaxial state of stress in the compression zone at the criti-
cal section influences the shear strength of that section consider-
ably as described in Section 402 of this report.

4. The shear strength of the concrete is highest when the column
size is small compared to the slab thickness.

5. The ultimate shear strength of slabs and footings is predicted
with good accuracy by the formula

_ Ve _ _ Ty i
ER O [15(1 0.075 d) 5.25¢.D] \EE

where
b = perimeter of the loaded area
d = effective depth of slab
r = side length of square loaded area
V. = ultimate shear force
Ve = ultimate shear force if flexural failure had occurred
Po = Vu/Vflcx

For footings

=[i-(r%e) e

where
P, = total load on loaded area
a = side length of square footing slab

6. Inclined cracks develop in the slabs at loads as low as 50 per-
cent of the ultimate.

7. Loads 50 percent above the inclined cracking load, sustained
for 3 months, did not affect the ultimate shear strength.
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8. The effect of openings adjacent to the column may be ac-
counted for by introducing the net value for the perimeter b into
the equation in Conclusion 5.

9. Concentration of flexural reinforcement in narrow bands across
the column did not increase the shear strength. However, such
concentration increased the flexural rigidity of the test slabs, and
also increased the load at which yielding began in the tension rein-
forcement.

10. Some increase in shear strength can be obtained by shear
reinforcement. However, the anchorage of such reinforcement in
the compression zone seems to be problematical, therefore the use
of shear reinforcement in thin slabs was not recommended.

11. In cases of moment transfer between square columns and
slabs, test results indicate it is safe to assume that one-third of the
moment is transferred through vertical shear stresses at the perim-
eter of the loaded area distributed in proportion to the distance from
the centroidal axis of the loaded area. Maximum shear stress due to
the combined action of vertical load and moment should not exceed
the value expressed by the equation in Conclusion 5.

802—Review of design specifications

The limited nature of knowledge previously available regarding the
mechanism of failure in shear of slabs under concentrated loads is clearly
reflected in the standard specifications of various countries. Quite dif-
ferent rules are applied to determine the critical shear or inclined tensile
stresses, and the allowable stresses vary considerably.

In the United States the first standard specifications,” which were
prepared by a Joint Committee appointed by a number of professional
societies, stipulated an allowable shear stress in pure shear equal to
0.06 f.”. The shear stress should be computed by v = V/bt, where the
critical section was taken along the perimeter b of the loaded area, and ¢t
is the total slab thickness. In the revised version of 1917** it is also
required that diagonal tension requirements be met, but no rules were
given for determining diagonal tension stress.

The ACI Standard of 1916% allowed a stress in pure shear equal to
0.075 f.” computed along the periphery of the loaded area.

In the ACI Standard of 1920** a clear distinction was made between
the following two possible types of shear failure:

(a) A pure shear failure controlled by the allowable shear stress
computed at zero distance from the periphery, and stipulated at
0.10 £,

(b) A so-called “diagonal tension failure” controlled by shear
stress computed by the formula v = V/bjd at a distance of d/2
from the perivhery, and limited to 0.035 f. .
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In the report of the Joint Committee of 1924°" it was specified that
shear stress should be computed at a distance of (¢t — 1% in.) from the
periphery of the loaded area, and the allowable shear stress was given by

v = 002f/ (141n)=0.03Ff (8-9)

where n is the ratio of the area of the reinforcing steel crossing directly
through the loaded area (column or column capital) to the total area of
tensile reinforcement.

The Report of 1924 was also adopted by the American Concrete In-
stitute as a standard, and only minor changes have been made later with
respect to shear and diagonal tension in slabs and footings.

The 1956 ACI Building Code ({318-56)*¢ allowed the following shear
stresses, computed on a critical section at a distance d beyond the periph-
ery of the loaded area:

0.03f, == 100 psi if more than 50 percent of the tensile reinforce-
ment required for bending passes through the periphery

0.025f, = 85 psi when only 25 percent of the tensile reinforcement
passes through the periphery

0.03f, = 75 psi for footings

In Germany a completely different approach to the design problem
of shear in slabs has been practiced. In determining shear as well as
flexural stresses, slab strips of certain widths are assumed. The widths
given for shear computations are different from those in moment, and
the widths also vary with the position of load on the slab. The German
Specification DIN 1045 of 1943*" gives the following formulas for the
effective slab strip width in shear

by =7 4+ 2s and b = % ( 1+ 1,4-2_2{) .............. (8-10)

where s is the thickness of a load-distributing layer on the top of the slab and
! is the span of the slab.

The larger of the values b; and by can be used. In the case of a load
close to one of the supported edges, b shall be taken as r 4 5t.

In some countries, such as Norway, a combination of the American
and the German practice has been used. The Norwegian Standard Speci-
fications of 1939*% assumed the shearing stresses to be evenly distributed
around the loaded area at a distance of 2d/3 from the periphery. It is
however, also necessary to consider a strip of the slab of a certain
specified width as a beam and check the shearing stresses in this beam
strip. If a load is placed close to one of the supported edges of a slab,
this last check frequently gives the highest shearing stresses.

In the British Code of Practice (CP114)*® the shear stresses in flat
slabs are computed at a distance of d/2 from the periphery of the loaded
area, while in footings the distance is taken equal to d.
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803—Development of design recommendations

The evolution of the current concepts of shear action were pointed out
in the review of research in Section 801. Three principal variables affect
shear strength. They are: concrete strength, the relationship between
size of loaded area and slab thickness, and the relationship between
shear and moment in the vicinity of the loaded area. The most recent
study by Moe led to the empirical ultimate strength design equation

V. T s
y — - 15 -—_ . —_— —_ . o o' .......... -
Ve = 22 [ (1 0.075 d) 5.95 ¢ ]vf (8-11)
where
V. = permissible ultimate shear stress

V. = ultimate shear capacity

b = periphery around the loaded area
d = effective depth of the slab

r = side dimension of the loaded area
oo = Vu/Viter

Viie. = ultimate shear force for flexural failure

Ccmparison of the equation with available data for 198 tests is pre-
sented in Table 8-1 of Section 810. The comparison is good as shown by
the average ratio of Vi to V.. and the standard deviation for each
test series. The equation seems to be the best that has been developed to
correlate laboratory shear tests of slabs and footings. However, the step
from a research equation with limited ranges of applicability to a gen-
erally applicable practical design procedure is not an easy one in this
particular case.

It was stated previously that shear failure is a local one, involving
a portion of the slab structure around the loaded area. Therefore the
simple slab specimens used in laboratory tests represent a portion of the
slab from the loaded area out to the region of contraflexure. However,
because of our limited knowledge concerning the distribution of mo-
ments in slab structures at loads near ultimate strength, it is difficult to
determine which portion of the slab structure is involved in the shear
failure.

Of course, this portion of slab area must be established only to deter-
mine the value of ¢, in Moe’s equation. The variable ¢, is dependent on
the ultimate flexural capacity of this portion. For simple laboratory
specimens computation of flexural capacity is an easy task with the aid
of the yield-line theory. For practical design cases, this is more difficult,
and the yield-line theory has not yet become generally used in American
practical design for flexure.

The variable ¢, is the ratio of shear capacity to flexural capacity. For
balanced failure, shear capacity and flexural capacity are reached simul-
taneously, so that ¢, equals unity. If the slab fails in shear, ¢, is less
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Fig. 8-1—Comparicons of design equations and test data

than unity. Since Moe’s equation is only applicable to shear failures, ¢,
cannot exceed unity.

As ¢, decreases, the shear strength of a slab increases. At first glance
it would appear that increasing flexural capacity, which in turn de-
creases ¢, would be an efficient way of increasing shear capacity. How-
ever, substituting ¢, = V./Vje, into Moe’s equation leads to

Vo _ 1501 — 0075 1/dVES (8-12)

Vv = — ——
bd 1 4+ (5.25bd VFo/Vires)

In Eq. (8-12) it is seen that Vj,, must be increased substantially to
affect a small increase in shear capacity. Although ¢, is an important
variable in the shear stress equation, the interrelationship of ¢,, V,, and
Ve is such that it is uneconomical to control shear capacity by the
flexural capacity.

Generally speaking, the laboratory specimens were designed to fail
in shear. The term ¢, was an important variable in the laboratory tests
and it must be considered when laboratory test results are analyzed.



TABLE 8-|—COMPARISON OF TEST DATA WITH MOE'S EQ. (8-11)

Slab r, i 4, _— iVewros| Viewr, § Viewr | Slab & 7, d, | . — Veares] Viewr,  Views
No. in. i in. Vi P kips { kips | V. No. L in ooin. ARE Pa kips | kips = V.ewe

’ Richart’s footings — Series 1 Richart’s footings — Series II (cont.)
105a 14.00 14.00 58.6 0.851 432 466 1.07%3 203a 14.00 14.00 51.3 | 0.687 413 ‘ 373 0.904
105b 14.00 14.00 48.9 0.760 379 359 0.948 203b 14.00 14.00 449 . 0.631 372 | 338  0.907
106a 14.00 14.00 61.2 0.917 435 467 1.072 204a 14.00 12.00 50.8 ' 0.566 385 ' 362 0.937
106b 14.00 14.00 60.2 0.906 430 421 0.979 204b 14.00 12.00 50.4 | 0.453 383 | 362 . 0.944
107a 14.00 14.00 60.2 0.924 425 421 0.989 205a 14.00 14.00 47.5 | 0.498 420 | 409 0.974
107b 14.00 14.00 58.4 0.908 417 378 0.906 205b 14.00 14.00 49.1 ~ 0.508 431 ' 409 0.949
108a 14.00 14.00 64.5 1.074 416 422 1.014 206a 14.00 16.00 54.0 , 0.600 526 @ 454 0.8362
108b 14.00 14.00 57.3 1.003 386 400 1.036 206b 14.00 1 16.00 54.0 i 0.583 508 532 1.047
109a 14.00 14.00 54.5 0.576 463 478 1.031 207a 14.00 ' 8.00 65.2 « 0.595 289 335 1.158
109b 14.00 14.00 55.5 0.583 470 409 0.868 207b 14.00 ! 8.00 63.5 ' 0.584 | 284 . 319 1.123
110a 14.00 14.00 56.7 0.626 470 444 0.945 208a 14.00 | 10.00 63.3 " 0.706 l 344 1 328 0.950
110b 14.00 14.00 51.9 0.592 438 462 1.053 208b 14.00 I 10.00 162.0 ! 0.697 339 349 1.029
111a 14.00 14.00 54.9 0.623 456 427 0.935 209a 14.00 | 12.00 53.7 . 0.756 ! 353 © 398 :1.126
111b 14.00 14.00 58.3 0.648 479 509 1.063 209b 14.00 12.00 48.6 . 0.700 326 1 380 :1.163
112a 14.00 14.00 58.9 0.505 518 427 0.823 210a 14.00 10.00 65.7 + 0.611 - 376 = 413 1.099
112b 14.00 14.00 53.1 0471 474 462 0.974 210b 14.00 10.00 65.7 0.608 373 . 367 0.985
109Ra 14.00 14.00 63.8 0.711 507 511 1.007 2lia 14.00 12.00 60.5 ; 0.674 . 412 434 | 1.051
109Rb 14.00 14.00 64.6 0.718 512 489 0.953 211b 14.00 12.00 65.3 | 0.708 | 437 470 1 1.073
110Ra 14.00 14.00 56.2 0.600 472 452 0.955 212a 14.00 14.00 '62.4 - 0.779 478 ° 462 0.968
110Rb 14.00 14.00 59.2 0.621 492 527 1.070 212b 14.090 14.00 .64.0 ' 0.792 487 | 444 0.910
o Average — 0.085 | 2132 | 1400 ! 800 1671 | 0.605 | 296 | 317  1.069
Coefficient of variation — 0.058 | 213b | 1200 = 800 675 | 0.606 207 | 317  1.084
—— - - 214a 14.00 ; 10.00 69.1 | 0.745 368 422 1.148
Richart’s footings — Series II 214b 14.00 | 1000 [ 70.3 | 0.766 | 372 | 440  1.180
201a 14.00 | 10.00 | 51.6 | 0.527 | 308 | 274 | 0.888 | 2152 14.00 1 12.00 '71.1 | 0.887 | 431 . 43¢  1.007
201b 14.00 | 10.06 { 51.7 | 0527 | 308 | 312 1.013 215b , 14.00 , 12.00 . 65.0 . 0.840 : 405 | 434 1.070
202a 14.00 12.00 48.9 0.587 348 379 1.088 216a | 14.00 . 8.00 67.5 ; 0.606 297 335 1.126
202b 14.00 l 12.00 ‘ 46.7 0.570 335 362 1.078 216b 14.00 ‘ 8.00 66.8 | 0.603 295 335 1.134
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TABLE 8-1 {cont.]—COMPARISON OF TEST DATA WITH MOE'S EQ.

(8-11)

Slab | 1, d, - | [Vearo, | Viewrs | Viewr | Slab v, 1 d, 1] Vewtens Views | View
No. | in. in. Vi i ® i kips| kips ' Ve No. in. | in. VIS g kips  kips | Vea
Rlchar‘cs footlngs—Serles 11 (cont) Richart’s footings — Series III-IV (con’c)
217a ‘ 14.00 11000 ; 61.0 ~ 0.689 | 335 | 349 | 1.042 | 317a : 14.00 ’ 14.00 1601 | 0.887 | 434 . 432 | 0.994
217b | 14.00 ' 10.00 | 68.8 | 0.744 | 367 | 422 | 1.151 | 317b ‘ 14.00 | 14.00 1610 0.896 438 | 462 | 1.053
218a 14.00  12.00 | 64.3 | 0.835 | 402 | 434 11079 | 319a  14.00 11400 616 | 0.844 | 456 . 422 | 0.924
218b 14.00 | 12.00 | 66.5 , 0.852 | 412 | 398 | 0965 | 319b  14.00 | 1400 .59.2 = 0.823 | 443 , 480 | 1.083
T Average — 1.034| 3212 ' 14.00  14.00 604 1 0.876 | 439 431 - 0.980

Coefticient of variation — 0.083 321b | 14.00 | 1400 619 | 0.888 | 447 | 459 | 1.026
D it Bl 323a 1 14.00 ' 14.00 ,58.0 | 0.876 | 421 434 | 1.028
Rlcharts footings — Series III-IV 323b - 14.00 ‘ 14.00 i61.3 | 0.907 438 | 454 i 1.036
—— e 324 14.0 ) 524 ' 0.863 | 457 | 439 | 0.961
304a 1400 | 1400 586 0854 - 431 466 | 1.080 3242 14.08 ‘ i:gg |2§§ 0.870 | 460 448 !0.969
304b 14.00 | 14.00  48.9 | 0763 | 378 | 359 | 0.940 | oo . 14.00 11400 sr4 1 0828 | 414 455 | 1.099
305a | 14.00 14.00 593 | 064 . 434 | 498 | 1.145 5 Loy : (DS B ‘
05D 1400 1400 606 | 0875 | a1t | 496 | 1o 326b | 14.00 | 1400 '61.8 | 0.887 | 446 , 461 | 1.032
5072 1400 | 1400 576 | o7gs | a1 | ae2 | 1ods 403a ) 14.00 ‘ 14.00 586 : 0.989 . 418 | 391 | 0.935
307b . 1400 | 1400 617 | 0.820 | 463 | 492 | 1063 | ‘05 | 1400 | 1400 (443 | 0765 | 342 | 320 | 0.935
308a 14.00 | 14.00 61.8 | 0.936 | 434 | 476 | 1.008 Average = 1.010
308b 14.00 | 14.00 61.1 | 0.929 | 431 | 400 | 0.928 Coefficient of variation = 0.081
309a 14.00 | 1400 622 | 0925 | 440 | 421 | 0.958
309b | 14.00 | 1400 597 | 0902 | 428 | 400 | 0.934 )  Richart’s footings — Series V-VII .
310a 14.00 | 1400 64.1 | 0840 | 475 | 533 | 1.121 | 50la 14.00 | 10.00 |60.7 | 0.682 | 335 | 365 | 1.089
310b 14.00 | 14.00 626 | 0.827 | 468 | 467 | 0.997 | 501b 14.00 | 10.00 |61.1 | 0.683 | 336 | 352 | 1.046
312a 14.00 | 14.00 60.2 | 0888 | 535 | 455 | 1.045 | 502a 14.00 | 16.00 [59.4 | 0.059 | 478 = 490 | 1.025
312b 14.00 | 14.00 57.1 | 0.859 | 419 | 333 | 0.795 | 502b 14.00 | 16.00 [57.3 | 0939 | 466 | 511 | 1.096
314a 14.00 | 14.00 566 | 0.802 | 429 | 489 | 1.139 | 503a 14.00 | 16.00 |59.6 | 0.959 479 | 518 | 1.082
314b 14.00 | 14.00 623 | 0849 | 460 | 413 | 0.898 | 503b 14.00 | 16.00 |59.0 | 0.955 | 476 | 486 | 1.022
315a 14.00 | 14.00 536 | 0.928 | 378 | 333 | 0.880 | 504a 14.00 | 10.00 [60.1 | 0.644 | 334 | 299 | 0.894
315a 14.00 | 14.00 57.1 | 0.963 | 394 | 410 | 1.038 | 504b 14.00 | 10.00 |61.1 | 0.668 | 339 | 322 | 0.948
316a 14.00 | 14.00 624 | 0946 | 436 | 467 | 1.070 | 505a 14.00 | 16.00 |60.6 | 1.031 | 467 | 479 | 1.025
316b 14.00 | 1400 657 | 0976 | 451 | 444 | 0.985 | 505b 14.00 | 16.00 |61.1 | 1.036 | 469 ’ 459 | 0.978
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TABLE 8-1 (cont.] — COMPARISON OF TEST DATA WITH MOE'S EQ. (8-11)

Slab T, d, — 1 Veato,| Vicar, Vieer Slab T, d, - Veate, Viest, | Viess
No. in. i, | VI ¢o | kips | kips | Voarr | No. in. in. |V5'| ¢ |kips| kips | Vears
Richart’s footings — Series II (cont.) Elstner-Hognestad slabs (cont.)
506a 1400 | 16.00 | 57.9 | 1.005 | 453 | 437 | 0.9¢5 | A-11 14 450 |613 | 0749 | 117 | 119 [ 1.018
50%b 1400 | 16.00 | 61.8 | 1.042 | 473 | 437 {0924 | A-12 | 14 450 |642 | 0764 | 121 | 119 | 0.982
701a 21.00 | 800 | 621 | 0759 | 336 | 382 | 1.137 | B-9 10 450 |79.8 | 0.809 | 119 | 113 | 0.958
701b 21.00 | 800 | 59.6 | 0741 | 326 | 395 | 1.208 | B-11 10 450 {443 | 0502 | 78 | 74 | 0.941
702a 21.00 | 12.00 | 460 | 0740 | 424 | 376 | 0.885 | B-14 | 10 450 (856 | 0.672 | 138 | 130 | 0.940
702b 21.00 | 12.00 | 53.7 | 0.976 | 428 | 440 | 1.026 N
verage = (.980
Average = 1.022 Coefficient of variation = 0.067
Coefficient of variation = 0.087
Graf slabs
Elstner-Hognestad slabs 1362 | 108 | 10.66 |47.6 | 0.682 | 242 | 262 | 1.082
A-la | 10 463 | 452 0840 | 68| 68 | 0996 | 1375 10.8 18.62 475 | 0.676 | 449 | 373 | 0.832
A-1b | 10 463 | 605 0987 | 84| 82 | 0.977
A-lc 10 463 | 649  1.000 88 80 | 0.908 Forsell-Holmberg slabs
A-ld ) 10 4631 731 LO6L ) 85| 79 | 0.833 1 434 | 398 436 | 0342 | 36 | 41 | 1.147
A-le | 10 463 | 542 0913 | 78| 80 | 1.025 5 434 | 437 |436 | 0442 | 38 | 40 | 1042
A-2a | 10 4.50 44-3 8-2;8 72 ;g ‘1’-389 3 434 | 417 |436 | 0455 | 36 | 39 | 1071
2-3? | ig i-gg 227 0-702 1‘137 o 0~983 4 434 | 433 [436 | 0477 | 37 | 40 | 1.069
-2 ) . . : 5 434 | 437 1426 | 0467 | 38 | 45 |1.182
i-;b ' ig i-gg Z’g-g 82?2 1% 1513(5) i(l)gg 6 434 | 421 436 | 0395 37 41 | 1.103
-53 . . . .
A-3b | 10 450 | 573 0499 | 102 | 100 | 0.981 ; g‘gg j';; ggf 0’?4 ?_9 ;z 1.089
A-3¢ | 10 450 | 620 0510 | 110 | 120 | 1.093 : ‘ : -
A-3d ‘ 10 450 | 708 0538 | 123 | 123 | 0.998 9 0.00 | 421 521 | — — | 26 | —
Ad | 14 463 | 616 104l 98 | 90 | 0.920 10 10.90+ | 4.09 |521 | 0579 | 49 | 42 | 0.855
A-5 ! 14 450 | 835 0720 | 124 | 120 | 0.971 11 4341 | 442 (521 | 0.783 78 63 | 0.804
A-6 14 450 | 602 0.567 | 129 | 112 | 0.865 12 4.34% 1 426 |52.1 | 0.840 72 60 | 0.822
A-T 10 450 | 643 0939 | 87| 90 | 1.028 14 10.00§ | 4.26 (496 | 0501 | 41 46 | 1.128
A-g | 14 450 | 564 0964 | 94| 98 | 1.071 15 434 | 433 1496 | 0529 | 41 40 | 0.962
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TABLE 8-1 (cont.]—COMPARISON OF TEST DATA WITH MOE'S EQ. (8-11)

Slab T, d, - Vcatc, Vitoets Zﬂ Slab ‘ T, d, — Veato,| Vieas, Vioss
No. in. in. V& ¢ | kips | kips | Veao | No. in. ‘ in. |V8 1 ®  Ikips | kips | Veurs
Forsell-Holmberg slabs (cont.) Moe’s slabs
16 4.34 426 | 49.6 0.521 41 43 1.066 R-1 Tt 4.50 63.2 0.882 87.0| 88.5 ! 0.973
17 4.34% 4,26 | 49.6 0.672 75 66 0.879 R-2 6.00 4.50 62.0 0.601 64.5| 70.0 | 1.085
18 4.34 442 | 49.6 0.539 42 42 1.010 S5-60 8.00 4.50 56.7 0.836 70.3| 77.0 | 1.093
19 434 437 57.1 0.596 46 36 0.784 S6-60 10.00%3| 4.50 55.8 0.897 78.2| 72.0 | 0.921
20 10.00§ 433 57.1 0.568 47 57 1.230 S7-60 12.001%| 4.50 57.8 0.952 87.3| 948 | 1.084
21 10.00§ 384 | 571 0.517 42 55 1.288 S$5-70 8.00 4.50 57.8 0.751 75.3| 85.0 | 1.128
22 4.34 4.26 | 57.1 0.583 45 45 0.998 S6-70 10.00%%{ 4.50 59.3 0.832 86.7| 85.0 | 0.980
Average = 1.028 Elstner-Hognestad slabs
Coefficient of variation = 0.145 (concentrated tensile reinforcement)
A-9 10.00 4.50 65.8 0.704 |104.2 | 100.0 | 0.959
Scordelis-Lin-May slabs A-10 14.00 450 | 65.6 | 0.779 [122.5] 110.0 | 0.897
S-1 13.00 | 4.25| 53.0 | 0684 | 93| 105 | 1.124 Moe’s slabs
S-9 13.00 4.95 63.7 0.798 109 109 1.001 (concentrated tensile reinforcement)
S-4 13.00 2.63 62.9 0.630 53 80 1.517 S1-60 10.00 4.50 58.1 0.911 80.7 | 87.5 | 1.084
S-5 13.00 3.00 | 54.2 0.797 50 60 1.193 S2-60 10.00 4.50 56.6 0.881 80.1 | 80.0 | 0.998
5-6 13.00 3.63 68.5 0.928 79 79 0.994 S$3-60 10.00 4.50 57.3 0.902 80.0 | 81.8 | 1.021
S-7 13.00 438 | 53.7 0.630 98 122 1.234 S4-60 10.00 4.50 58.8 0.976 78.0 | 75.0 | 0.961
S-8 13.00 3.63 66.0 0.831 82 100 1.210 S1-70 10.00 4.50 59.6 0.832 87.1 | 88.2 | 1.011
S-9 16.00 3.63 66.2 0.901 82 105 1.286 S3-70 10.00 4.50 60.7 0.840 88.3 | 85.0 | 0.962
S-10 16.00 3.63 68.3 0.840 89 118 1.321 S4-170 10.00 4.50 71.4 0.943 97.0 | 84.0 | 0.865
S-11 13.00 7.63 71.6 0.985 225 225 1.001 S4A-70( 10.00 4.50 54.5 0.930 74.7 | 70.0 | 0.936
S-12 13.00 5.63 70.1 0.820 166 172 1.030
S-13 13.00 363 | 723 | 0595 | 107 | 109 | 1.017 t Rectangular load; area b = 25.60 in.
S-14 13.00 5.63 69.3 0.928 153 168 1.100 t Two load points b = 8r.
S-15 13.00 3.63 71.5 0.701 98 120 1.219 § Line load b = 2r.
Average — 1.161 4 Column 6 x 18 in.
Coefficient of variation = 0.152 it Square steel plate.
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TABLE 8-1 (cont.]—
COMPARISON OF TEST DATA WITH MOE'S EQ. (8-11)

Slab r | d be, = Veates ‘v D View
~ No. in. ' in. in. Vi o kips | kips | Ve
Moe’s slabs (slabs with openings)
H1 | 1000 | 450 | 4000 ' 615 . 1.000 | 80.2 | 835 | 1041
H2 L 1000 | 450 . 3475 602 | 0909 | 726 | 740 | 1018
H3 1000 | 450 | 2975, 586 | 0813 | 645 , 73.0 | 1130
H4 | 1000 : 450 | 2075 611 | 0830 | 665 | 651 | 0978
15 [ 10.00 © 450 | 2460 602 | 0724 | 579 ’ 56.1 | 0.968
H6 { 10.00 450 | 20.00 642 | 0.549 | 525 | 552 | 1.050
H7 10.00 450 | 36.14 | 604 | 0931 | 744 | 701 | 0.941
H8 10.00 | 450 | 3228 638 | 0.890 | 71.8 ! 70.1 | 0.976
H9 1000 | 450 | 3640 ' 591 | 0.924 | 736 703 = 0.955
Hio ! 10.00 ‘ 450 | 3944 . 601 | 0989 | 79.0 751 | 0.949
H11 1 10.00 | 450 | 40.00 615 | 1.000 | 80.2 | 761 | 0.948
H12 ! 10.00 | 450 | 40.00 66.1 No slab action ] 60.4 —
H13 | 10.00 . 459 ' 40.00 | 59.7 | Noslabaction . 45.1 —
Hia | 1000 | 450 35.00 . 61.6 | Flexure failure | 56.8 —
H15 \ 10.00 | 450 | 3500 ' 582 | 0.902 | 716 | 746 | 1.042

Average — 0.992
Coefficient of variation = 0.057

However, in practical design, ¢, is not an important variable because
the shear capacity of the slab should exceed its flexural capacity, that
is, ¢, should be at least equal to unity. Therefore ¢, may be eliminated
from Moe’s Eq. (8-11) by substituting ¢, = 1.0

V. _ _ T \VE .
Ve = ﬁ‘( 975 — 1125 = ) VIs o (8-13)

Fig. 8-1 shows test data in terms of the parameters v,/V f,/ versus
r/d. The data are compared to Moe’s general equation which produces
a family of straight lines having ¢, as a parameter. The values of ¢, =
0.30 and ¢, = 1.00 cover the limits of the test data. It is seen that Eq.
(8-13) is conservative even when ¢, is less than 1.00. Unfortunately,
however, Eq. (8-13) is not satisfactory over the full range of variables
encountered in practical design.

If load is applied to a slab over a very small area, the perimeter b
and the ratio r/d will be very small. According to Eq. (8-13) the ulti-
mate shear stress v, will approach 9.75V f,; but the ultimate load capa-
city V, will approach zero. This cannot be supported by logical reasoning.
A thick slab can carry substantial load without failing in shear even
if the load is applied over a very small area.

Likewise the equation obviously does not apply for very large values
of r/d since it predicts v, = 0 when r/d = 8.67. Drop panels or wall
loads can give values of r/d exceeding 8.67. It is not reasonable to expect
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that slabs with drop panels or wall loads should have no shear resistance
at all.

In the case of a continuous slab supported on a wall, the ratio r/d
can, for the purpose of this discussion, be assumed to be infinite. The
slab will have comparatively little slab action in the vicinity of the
wall and will tend to behave like a wide, shallow beam. Therefore, as
r/d approaches infinity, the value of v, would approach the correspond-
ing shear strength of a beam, which would be 1.9V f.” plus a small term
depending on the M/Vd ratic. In view of recent tests by Diaz de
Cossio® showing the effect of ratio of width to depth on the shear
strength of beams, as well as available results of tests on slabs, it ap-
pears that the shear strength v, for slabs with large r/d ratios approaches
a value substantially in excess of 1.9V f/. It is consistent with available
test results to take the shearing resistance of slabs as approaching the
limiting value of 4.0V f. for large ratios of r/d when two-way slab
action is present.

Therefore, the design expression for two-way slab action must satisfy
the following conditions:

1. The ultimate shear stress v, shall be a function of \/_? and r/d.

2. As r/d approaches zero, the ultimate shear load capacity V,
approaches a finite value.

3. Therefore, when r/d approaches zero, v, approaches infinity.
4. When r/d approaches infinity, v, approaches 4.0V f, .

5. The shear stress v, must decrease continuously to 4.0V f/ as
r/d increases.

The above conditions can be satisfied by a hyperbolic equation of the

form v, = (Ad/r + B)V {.”, which for a conservative fit of the test
data, gives

- 4(%+ 1 )vT __________________________________ (8-14)

Eq. (8-14) is plotted on Fig. 8-1 where it can be compared with Moe’s
Eq. (8-13) and with the test results given in Table 8-2.

The shear load capacity V., can be evaluated from

where b is the periphery at the edge of the loaded area.

Thus, for a square column, b = 4r, so that V, can be expressed as

Ve = 16 82 (% +1 )v? .............................. (8-15a)



TABLE 8-2 — RELATIONSHIP BETWEEN v,/V . AND r/d

Vu PR N
Slab 1 r, d, | ey | VR | 2 Slab r l 4, l | test, | VFS |
No. in. in. d psi psi Vi No. in. in. d psi psi \ i
Richart’s footings — Series I Richart’s footings — Series II (cont.)
1052 1400 | 1400 | 100 | 594 | 586 | 10.14 | 204a 1400 | 1200 | 117 | 538 | 50.8 | 10.59
105b 1400 | 1400 | 1.00 | 458 | 489 9.37 | 204b 1400 | 1200 | 117 | 538 | 504 | 10.67
1062 1400 | 1400 | 1.00 | 595 | 61.2 9.72 | 205a 1400 | 1400 | 1.00 | 520 | 475 | 10.95
106b 1400 | 1400 | 1.00 | 537 | 60.2 8.92 | 205b 1400 | 1400 | 1.00 | 520 | 49.1 | 10.59
1072 1400 | 1400 | 1.00 | 537 | 60.2 8.92 | 206a 1400 | 1600 | 0.87 | 505 | 54.0 9.35
206D 1400 | 1600 | 0.87 | 593 | 540 | 10.98
1068 1600 | 1400 | 100 | 50 | 645 | sar | 27 | 1400 | 600 | 17> | T | 2 | 1146
108b 14.00 | 1400 | 1.00 | 510 | 57.3 .90 | 2070 14.00 8.00 | L7 | 710 | 635 | 11.18
109a 1400 | 1400 | 1.00 | 609 | 545 | 1117 | 208a 1400 | 1000 | 140 ) 584 | 633 9.23
109 1400 | 1200 | 100 | 520 | 555 937 | 208b 1400 | 1000 | 140 | 623 | 620 | 10.05
1108 1400 | 1400 | 100 | s66 | 567 998 | 209a 1400 | 1200 | 1.17 | 592 | 53.7 | 11.02
110b 1400 | 1400 | 1.00 | 588 | 519 | 11.33 | 209b 1400 ) 1200 \ 117 | 565 | 486 | 11.63
111a 1400 | 1400 | 1.00 | 543 | 549 | o989 | 2L0a 14.00 1 1000 ) 1.40 | 736 | 65.7 | 11.20
111b 1400 | 1400 | 1.00 | 649 | 583 | 1113 | 210D 1400 ) 10.00 | 140 ) 65¢ | 657 9.95
112b 1400 | 1400 | 1.00 | 588 | 53.1 | 1no07 | 211b 1400 ) 12.00 3 L17 ) 699 | 65.3 | 10.70
109Ra 1400 | 1400 | 1.00 | 650 | 638 | 1019 | 2123 14.00 | 1400 | 1.00 | 588 624 | 942
109Rb 14.00 | 14.00 | 100 | 623 | 646 | 964 | 212b 1400 | 1400 | 100 1 566 | 640 | 8.84
110Ra 1400 | 1400 | 1.00 | 574 | 562 | 1021 | 2133 1400 | 800 | 175 705 | 67.1 4 10.51
110Rb 14.00 | 14.00 | 1.00 | 672 | 592 | 11.35 | 213D 14.00 8.00 | 175 | 705 | 675 | 1044
pu— . : 2142 1400 | 1000 | 140 | 754 | 691 | 10.91
Richart’s footings — Series 1I 214b 1400 | 1000 | 1.40 | 785 | 703 | 1117
201a 1400 | 10.00 | 1.40 | 488 | 516 9.46 | 215a 1400 | 1200 | 117 | 645 | 711 9.07
201b 1400 | 1000 | 1.40 | 556 | 51.7 | 10.75 | 215b 1400 | 1200 | 117 | 645 | 65.0 9.92
202a 1400 | 1200 | 117 | 563 | 489 | 1151 | 216a 1400 | 800 | 175 | 747 | 67.5 | 11.07
202b 1400 | 1200 | LI17 | 563 | 467 | 11.52 | 216b 1400 | 800 | 175 | 747 | 668 | 11.18
203a 1400 | 1400 | 1.00 | 475 | 513 9.26 | 217a 1400 | 1000 | 140 | 623 | 610 | 10.21
203b 1400 | 1400 | 1.00 | 430 | 449 9.58 | 217b 1400 | 1000 | 140 | 754 | 688 | 10.96
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TABLE 82 (cont.) — RELATIONSHIP BETWEEN v,/\ f, AND r/d

Slab r, d, | test | VIS | 2 Slab I r, 4, ! | tes, | VT | B
No. in. in. d psi psi \B No. in. in. d psi psi Vi’
Richart’s footings — Series V-VII (cont.) Richart’s footings — Series III-IV (cont.)
218a 1400 | 1200 | 1.17 | 645 | 643 | 10.03 | 321a 1400 | 1400 | 1.00 | 501 | 60.4 8.29
218b 14.00 | 1200 | 1.17 | 592 | 665 8.90 | 321b 1400 | 14.00 | 1.00 | 502 | 61.9 8.11
Richart’s footings — Series III-IV smb | 1400 | 1400 | 100 | 483 | c13 | 78
304a 14.00 | 1400 | 1.00 | 594 | 586 | 10.14 | 324a 14.00 | 14.00 | 1.00 | 529 | 624 8.48
304b 14.00 | 14.00 | 1.00 | 458 | 489 9.37 | 324b 1400 | 1400 | 1.00 | 530 | 63.3 8.37
305a 1400 | 1400 | 1.00 | 634 | 593 | 10.69 | 326a 1400 | 1400 | 1.00 | 499 | 554 9.01
305b 14.00 | 1400 | 1.00 | 632 | 60.6 | 1043 | 326b 1400 ; 1400 | 1.00 ; 502 | 618 8.12
307a 14.00 | 1400 | 1.00 | 588 | 576 | 1021 | 403a 14.00 | 14.00 | 1.00 | 459 | 586 7.83
307b 14.00 | 1400 | 1.00 | 627 | 617 | 10.16 | 403b 14.00 , 1400 | 1.00 | 446 | 443 | 10.07
308a 1400 | 1400 | 1.00 | 507 | 61.8 8.20 . ; ; .
308b 14.00 | 1400 | 1.00 | 510 | 611 8.35 Richart’s footings — Series V-VII
309a 14.00 | 1400 | 1.00 | 537 | 622 863 | 50la 14.00 | 1000 | 1.40 | 650 . 607 | 10.71
309b 14.00 | 14.00 | 1.00 | 510 | 597 854 | 501b 1400 | 1000 | 1.40 | 627 | 611 | 10.26
310a 1400 | 1400 | 1.00 | 679 | 641 | 1059 | 502a 1400 | 16.00 | 0.87 | 545 | 594 9.18
310b 14.00 | 1400 | 1.00 | 595 | 626 9.50 | 502b 1400 | 1600 | 087 | 569 | 573 9.93
312a 1400 | 14.00 | 1.00 | 580 | 60.2 9.63 | 503a 1400 | 16.00 | 087 | 578 | 596 9.70
312b 14.00 | 14.00 | 1.00 | 424 | 57.1 743 | 503b 14.00 | 16.00 | 087 | 542 | 59.0 9.19
314a 1400 | 1400 | 100 | 623 | 566 | 11.01 | 504a 14.00 | 10.00 | 1.40 | 532 | 60.1 8.85
314b 1400 | 1400 | 100 | 527 | 623 8.46 | 504b 1400 | 1000 | 1.40 | 573 | 61.1 9.38
315a 14.00 | 14.00 | 1.00 | 424 | 536 7.91 | 505a 1400 | 1600 | 0.87 | 53¢ | 60.6 8.81
315b 1400 | 14.00 | 1.00 | 521 | 57.1 9.12 | 505b 14.00 | 16.00 | 087 | 512 | 61.1 8.38
316a 1400 | 1400 | 1.00 | 595 | 624 954 | 506a 14.00 | 1600 | 0.87 | 488 | 57.9 8.43
316b 1400 | 14.00 | 1.00 | 566 | 65.7 8.61 | 506b 14.00 | 1600 | 0.87 | 488 | 6138 7.90
317a 1400 | 14.00 | 1.00 | 551 | 60.1 9.17 | 701a 21.00 800 | 251 | 568 | 621 9.15
317hb 14.00 | 1400 | 1.00 | 588 | 61.0 9.64 | 701b 21.00 800 | 251 | 586 | 59.6 9.83
319a 1400 | 14.00 | 1.00 | 538 | 616 873 | 702a 21.00 | 1200 | 175 | 373 | 46.0 8.11
319b 14.00 | 14.00 | 1.00 | 611 | 59.2 | 1032 | 702b 2100 | 1200 | 175 | 435 | 53.7 8.10
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TABLE 8-2 (cont.) — RELATIONSHIP BETWEEN v,/V £/ AND r/d

JLNLIISNIE JLFHAONOD NVIIYINY élHJ. 40 WNINOI

|
Slab | 1 d, r t;;“t. Vi Vu_ Slab r. l d ! T t:s“t. l Vio ‘ Vo
No. | in. | in. d psi psi Vis No. in. | in ] d psi psi 1 Vi’
Elstner-Hognestad slabs Forsell-Holmberg slabs

Ala 10.00 4.63 2.16 366 45.2 8.10 1 4.34 } 398 | 1.09 : 597 436 ! 13.70
Alb 10.00 463 | 216 | 442 | 605 7.31 2 434 437 99 524 | 436  12.09
Alc 10.00 463 | 216 | 431 | 64.9 6.64 3 4.34 417 , 1.04 1 533 | 436  12.23
Ald 10.00 463 | 216 | 425 i 73.1 5.81 4 4.34 433 | 100 | 528 | 436 1211
Ale 10.00 463 | 216 | 431 | 542 7.95 5 4.34 437 99 | 588 | 436 = 1349
A2a 1000 i 450 | 222 | 416 | 445 9.35 6 4.34 421 | 1.03 | 566 | 436 ' 12.98
A2b 1000 . 450 | 2.22 | 500 | 53.2 9.40 7 4.34 417 | 1.04 | 583 | 436 ' 13.37
A2c 10.00 450 | 222 | 583 | 73.7 7.91 8 0.00 437 | 000 | = 52.1 0
ATb 10.00 450 | 222 | 637 | 636 | 10.01 9 0.00 421 | 0.00 a0 52.1 o
A3a 1000 | 450 | 222 | 444 | 430 | 10.33 10 10.90f | 4.09 | 267 | 401 | 521 7.70
A3b 1000 | 450 | 222 | 555 | 573 9.69 11 4341 | 442 | 098 | 411 | 521 7.89
A3c 10.00 450 | 222 | 665 | 620 | 10.73 12 434% | 426 | 1.02 | 406 | 521 . 7.79
A3d 10.00 450 | 222 | 682 | 170.8 9.63 14 10.00§ | 426 | 235 | 540 | 496 ! 10.89
A4 14.00 463 | 3.03 | 347 | 616 5.63 15 4.34 433 | 1.00 | 528 | 496 | 10.64
A5 14.00 4.50 3.11 475 63.5 7.48 16 4.34 4.26 1.02 586 496 - 1181
A6 14.00 450 | 311 | 444 | 60.2 7.38 17 4.34p | 426 | 102 | 447 | 496 @ 9.01
AT 1000 | 450 | 222 | 500 | 643 | 778 | 18 434 ) 442 ) 098 ) 554 ) 496 ) 1L
A8 1400 | 450 | 311 | 388 | 564 | 688 | 19 et | 43T | 099 | 480 1 OTL o 840
All 14.00 450 | 311 | 472 | 613 7.70 20 10.008 | 433 | 231 ) 658 | 57.1 1152
21 10.00§ | 394 | 254 | 698 | 571  12.22
Al2 14.00 450 | 3.11 | 472 |, 64.2 7.35 99 434 496 | 102 | 613 | 571 | 103

B9 10.00 450 | 222 | 629 | 79.8 7.88 — :

Bl11 10.00 450 | 222 | 410 | 443 9.26 Scordelis-Lin-May slabs

Bl4 10.00 450 | 222 | 721 | 856 8.42 Sl 13.00 425 | 3.04 | 474 | 530 8.94
S S2 13.00 425 | 3.04 | 492 | 637 | 774
Graf slabs S4 13.00 263 | 494 | 583 | 629 | 927
1362 10.80 | 10.66 | 1.11 | 521 | 47.6 | 1095 | S5 13.00 3.00 | 444 | 383 | 542 | 7.09
1375 10.80 | 18.62 | 0.64 | 413 | 475 869 | S6 13.00 363 | 358 | 415 | 685  6.06
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TABLE 8-2 (cont.] — RELATIONSHIP BETWEEN v,/V f/ AND r/d

a | .
Slab | | A | v | tes, | ViT | 2 Slab r, d, | test, | T |
No. | in. . in. | d psi psi A\ No. in. in. d psi psi Vi
Scordelis-Lin-May slabs (cont.) Moe’s slabs
S7 13;00 ! 4:3577 597 532 i' 3.7 991 (concentrated tensile reinforcement)
S8 1300 363 358 527 | 66.0 798 | S1-60 10.00 4.50 2.92 486 58.1 .36
S9 1600 : 3.63 | 441 | 450 & 662 6.80 | S2-60 10.00 450 | 222 | 444 | 566 7.84
S10 16.00 3.63 4.41 506 l 68.3 741 S3-60 10.00 4.50 2.22 453 57.3 7.91
S11 13.00 : 7.63 1.70 | 567 ; 71.6 7.99 S4-60 10.00 4.50 2.22 416 58.8 7.09
S12 13.00 . 563 | 231 | 584 | 70.1 8.33 | S1-70 10.00 450 | 222 | 489 | 596 8.20
S13 13.00 363 | 358 | 577 | 723 7.98 | S3-70 10.00 450 | 222 | 472 | 60.7 7.78
S14 13.00 563 231 572 | 693 g5 | S4-70 10.00 4.50 2.22 465 71.4 6.51
15 13.00 3.63 3.58 635 | 715 .88 | S4A-T0 10.00 4.50 2.92 388 54.5 7.12
B Moe’s slabs - T T Moe slabs (slabs with openings)
R-1 s 450 967 | 404 | 632 | 639 | H-1 10.00 4.50 2.29 462 61.5 751
R-2 600 | 450 133 | 648 | 62.0 1045 | H-2 10.00 450 222 | 473 60.2 7.86
S5-60 8.00 450 1.78 533 56.7 940 | H-3 10.00 4.50 2.22 544 58.6 9.28
S6-60 10.003%|  4.50 222 i 399 55.8 715 | H-4 10.00 4.50 2.22 486 | 61.1 7.95
S7-60 12.0035| 450 2.67 | 437  57.8 756 | H-5 10.00 4.50 2.22 505 | 60.2 8.39
S5-70 800 |, 450 1.78 590 | 57.8 10.21 | H-6 10.00 4.50 2.99 612 | 64.2 9.53
56-70 10.004F] 450 | 222 | 472 | 593 796 | gy 10.00 450 222 | 432 | 604 7.15
Elstner-Hognestad slabs H-8 10.00 4.50 2.22 486 63.8 7.62
(concentrated tensile reinforcement) H-9 10.00 4.50 2.22 431 + 59.1 7.29
A-9 1000 ' 450 2.22 555 65.8 8.43 | H-10 10.00 4.50 2.00 417 60.1 6.94
A-10 1400 450 3.12 435 65.6 6.63 | H-11 10.00 4.50 2.22 411 1.5 6.68
R —* A P 10.00 4.50 §§| 335 66.1 5.07
% Rect: lar load b = 25.60 in.
£ Toro oo points b o 81 m H-13 10.00 450 08§§| 251 | 59.7 4.20
§ Line load b = 2r. . . Flex-
+t Colamn stes 6 x 18 in. H-14 10.00 4.50 222 | 360 61.6 —
‘;gi‘})“;ﬁfggﬁi‘oﬂ“e- ' H-15 10.00 4.50 222 | 473 58.2 8.13

NOISNIL TVYNOOVIA ANV ¥VIHS
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It is apparent that Eq. (8-14) and (8-15) satisfy the previously stated
conditions with v, = 4V f.” for r/d equal to infinity and V, = 16d2\V f/
for r/d equal to zero.

For practical design purposes, Committee 326 feels that slabs with very
large r/d ratios should also be checked for action as a beam, in which
case the recommendations of Chapters 5, 6, and 7 are applicable.

804—Comparison with procedures of 1956 ACI Building Code

The proposed concept of shear action is based on the premises that
the shear area is the vertical section which follows the periphery at
the edge of the loaded area, and that the ultimate shear stress is a
function of V7§, and r/d. The concept of the design procedure in the
1956 ACI Code is different; the shear area is the vertical section which
follows the periphery located a distance d beyond the edge of the loaded
area, and the allowable shear stress is proportional to f, with maximum
values of 100 and 75 psi for slabs and footings, respectively.

For purposes of comparison it is assumed that the maximum allowable
shear stress by the 1956 Code is 0.03 f,/ and that a safety factor of 2.0 is
used. In terms of ultimate shear load, the 1956 Code procedure is:
V./bjd = 0.06 f/. For square columns, b = 4(r 4+ 2d). Thus, the com-
parable ultimate shear stress based on a section at the edge of the loaded
area is, for j = %

Ve o _ Ve _ 0059 v?( 24 4 ) .............. (8-16)
Vi 4rd Vi T

The 1956 Code requirements are compared with the proposed design
equations in Fig. 8-2 and 8-3. In Fig. 8-2, Eq. (8-16) represents a family
of hyperbolas having V §.” as a variable, while Eq. (8-16) is a family of
straight lines in Fig. 8-3. The similarity between the 1956 Code design
equation and the proposed equations is surprising in view of the fact
that the basic concepts of the two procedures appear to be radically
diferent. When the 1956 Code design criterion is written in the form of
Eq. (8-16), however, it is seen that the variable v/d has been taken into
account by assuming the shear area to be located at a distance d beyond
the edge of the loaded area. Thus, the variable r/d may be accounted
for either as a variable in expressing the shear stress v,, or by the choice
of the location of the shear area.

The 1956 Code procedure may be expressed in terms of the proposed
concept as follows:
The shear area shall be the vertical section which follows the
periphery at the edge of the loaded area, and the ultimate unit shear
stress shall be a function of f,” and r/d.

_ V. _ .
Vu = d = 0.0525 f~/ (2d/r + 1)
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Fig. 8-2—Comparison of Eq. (8-14} to 1955 AC! Building Code

Similarly, the proposed design procedure may be expressed in terms
of the 1956 Code concept:

The shear area shall be the vertical section which follows the
periphery at a distance d/2 beyond the edge of the loaded area, and
the ultimate shear stress shall be

_ Vu _ £
Vu = Y i 4.0V f.

Although the two concepts are different, the selection of one in prefer-
ence to the other becomes a matter of personal choice. The proposed con-
cept follows the line of reasoning adopted by laboratory research; it ap-
proaches the basic philosophy which explains the effect of slab action
on shear strength. On the other hand, the 1956 Code concept is uni-
versally understood and accepted in everyday design practice.

The proposed design procedure offers several advantages over the
1956 Code procedure. In the region of normal flat slab or flat plate design
they are more liberal than the 1856 procedures, but they are proven to
be safe by laboratory tests. Although it would appear that the same re-



378 JOURNAL OF THE AMERICAN CONCRETE INSTITUTE March 1962

30

25

N
o

Rotio of V,/4d¥f
o

o

1 1 1 I} 1
o] | 2 3 4 5 6 7
Ratio of Column Size to Slab Thickness, r/d

Fig. 8-3—Comparison of Eq. (8-15} to 1956 Building Code

sults may be achieved by increasing the ultimate shear stress of the pres-
ent procedures, to do so would endanger safety at the extremes in r/d
values. The proposed procedure also brings shear strength under two-
way slab action in line with the general thoughts regarding the mechan-
isms of shear and diagonal tension. Furthermore, j is eliminated; and
expressing ultimate shear stress in terms of V f/ facilitates effective
use of concrete strengths exceeding 3000 psi.

There is merit, however, in expressing the proposed design procedure
in terms of the 1956 Code concept. The proposed method requires ex-
pressing the ultimate shear stress as a function of r/d. For a loaded
area of other shape than square, there may be doubt regarding the cor-
rect value of r to be used. On the other hand, by assuming the ultimate
shear stress as equal to 4.0V f.” and defining the critical section as that
which is located at a distance d/2 from the periphery of the loaded area,
regardless of its shape, the question of interpretation regarding the cor-
rect value of r does not arise. Furthermore, this gives a simple method
of handling the case of openings in the vicinity of the loaded area.

The ultimate shear load capacity V, can, therefore, be computed by

Ve = vubd o (8-17)
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where

Du = 40V Fo oo . (8-18)
and

b = the periphery of a pseudocritical section located at a distance d/2 from
the periphery of the loaded area.

805—Concentration of reinforcement over a column

The 1956 ACI Building Code permits an increase in allowable shear
stress if the tensile reinforcement of the column strip is concentrated
over the periphery of the shear area. A thorough search of the technical
literature failed to reveal the origin of, or the logic behind, this require-
ment. It was probably not based on laboratory tests.

Recent tests by Elstner and Hognestad and by Moe indicated no in-
crease in shear strength due to concentration of tensile reinforcement
through the shear area. However, Moe pointed out the following ad-
vantages from concentrating tensile reinforcement in the vicinity of
the loaded area:?'

1. Concentration increased the stiffness of the slabs; center de-
flections decreased as the amount of concentration increased.

2. Concentration reduced the stresses in the flexural tension rein-
forcement in the vicinity of the column and thereby raised the
load at which first yielding took place.

3. Even with heavy concentrations, bond failure or splitting fail-
ure was not detected. The concentration reduced the violence of
the shear failure.

These tests indicated advantages of concentrating tension rein-
forcement in the vicinity of the column, but the advantages were
realized in the flexural behavior of the slabs, not in their shear
behavior.

Because of its advantages in flexure, concentration of tensile rein-
forcement in the vicinity of the loaded area should be encouraged. How-
ever, Committee 326 feels that such encouragement should not be tied to
the design requirements for shear.

806—Slabs with openings

Moe* reported 15 test specimens having different patterns of open-
ings adjacent to the column. Fourteen of the specimens failed in shear.
The tests showed that the ultimate shear strength of the slabs is af-
fected by the size and location of the openings with respect to: the
loaded area, the size of the loaded area, and the thickness of the slab.

The effect of the openings on the shear strength of the slabs can be
accounted for by reducing the perimeter of the pseudocritical section
which is assumed to be at a distance of d/2 from the loaded area. This
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TABLE 8-3 — EFFECT OF OPENINGS?

Pyt corrected

Periphery, b,t . to V f’ = 615
Slab ch.u, V fc' Testt
No. Percent kips psi percent ‘Calce

in. of H-1 kips of H-1
H-1 58.00 100 83.5 61.5 83.5 100 1.00
H-2 50.75 87.5 74.0 60.2 75.5 90.5 1.03
H-3 43.50 75.0 73.0 58.6 76.5 91.7 1.22
H-4 43.50 75.0 65.1 61.1 65.5 78.5 1.05
H-5 36.25 63.4 56.1 60.2 57.4 68.7 1.08
H-6 29.00 50.0 55.2 64.2 53.0 63.5 1.27
H-7 52.88 91.2 70.1 60.5 71.3 85.5 0.94
H-8 47.76 82.5 70.1 63.8 67.5 80.9 0.98
H-9 52.80 91.0 70.3 59.1 73.0 87.5 0.96
H-10 54.00 93.0 75.1 60.2 76.8 92.0 0.99
H-11 55.20 95.2 76.1 61.5 76.1 91.4 0.96
H-12 29.00 50.0 60.4 63.5 58.5 69.0 1.38
H-13 19.36 33.4 45.1 59.8 46.4 55.6 1.66

+ Periphery of critical section b., was calculated at d/2 from loaded area subtracting the
projection of openings in accordance with the procedures recommmended in Section 806.

t Test/Calc = ratio of percent reduction in corrected measured ultimate shear load, Piesy,
to calculated percent reduction in periphery bo; in both cases percent reduction with respect
to Slab H-1 which had no openings.
reduction in perimeter length depends on the size and location of the
openings and the r/d ratio.

The ultimate shear load capacity V, can be evaluated from Eq. (8-17)

and (8-18) as
Ve = vubod = 40VF o, (8-17) (8-18)a

reduction in perimeter length depends on the size and location of the
pseudocritical section located at a distance d/2 from the periphery of
the loaded area. Several examples of proposed methods for computation
of reduced periphery b, are shown in Fig. 8-4.

1. For an opening whose closest edge is located less than d/2 from
the loaded area, it is proposed that the reduced perimeter be the
length of the original pseudocritical section minus the radial pro-
jection of the opening on the pseudocritical section. The radial lines
should be drawn from the centroid of the loaded area to the edges
of the opening so that the radial lines lie completely outside the
opening as shown in Fig. 8-4a. If there are several openings, the
sum of the radial projections should be subtracted from the perim-
eter of the original pseudocritical section.

2. For openings whose closest edges are more than d/2 but less
than 2d from the loaded area, the reduced perimeter should be
taken as the smaller of the two given by the following criteria;
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Fig. 8-4—Effect of openings and free edges

(a) The shortest of all possible sections lying not less than
d/2 from the loaded area as shown in Fig. 8-4b.

(b) The original pseudocritical section minus the sum of the
radial projections of the openings as shown in Fig. 8-4dc.

3. For openings near the corners of the original critical section,
such as the case shown in Fig. 8-4d, Criterion (a) gives no reduc-
tion. Criterion (b) probably overestimates the reduction.

4. For the effect of openings whose closest edges are more than
2d from the loaded area, only Criterion (a) and the original un-
reduced critical section need be investigated.

‘5. Openings that are large compared with the dimensions of the
critical section, such as that shown in Fig. 8-4e, should be treated
as free edges or corners as described below.

6. The shear capacity of the slab in the vicinity of free edges or
corners, as shown in Figs. 8-4f and g, should be evaluated by apply-
ing Criterion (a). Particularly when the free edge is located at some
distance from the column or loaded area, the original critical sec-
tion should also be investigated.

7. If several openings are close together, Criteria (a) and (b) may
be used provided the distance between openings parallel to the
critical section is sufficient to maintain {wo-way slab action. The
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TABLE 8-4 — TRANSFER OF AXIAL LOAD AND MOMENTS
FROM COLUMN TO SLAB

Slab l r, ] d, i e, \/7_' Vn,+ |V«-u1n,1 Vlv.\'(, Viewo
No. in in. in. psi Pu kips kips kips Vearr
Moe slabs™
M1A 12.00 | 450 | 0.00 | 550 |0.691 | 995 | 995 | 973 | 0.978
M2A 12.00 | 450 | 7.30 | 47.4 | 0631 @ 844§ 525 | 47.8 0.912
M4A 12.00 | 450 | 17.10 50.6 | 0.671 | 92.8 38.3 32.3 i 0.844
M2 12,00 | 450 | 7.70 | 611 |0.694 | 1042 | 635 ! 657 | 1.035
M3 12.00 | 450 | 13.30 | 57.4 | 0.701 : 103.1 48.9 ' 46.6 | 0.954
M4 12.00 | 450 | 17.20 | 59.8 | 0.711 | 106.5 | 43.8 | 29.6 §
M5 12.00 | 450 | 24.20 | 625 | 0.726 | 110.3 36.6 | 22.7 §
M6 10.00 | 4.50 662 | 64.2 {0882 ' 813 | 489 | 53.8 | 1.100
M7 10.00 | 4.50 240 | 602 | 0916 | 836 | 67.4 | 70.0 | 1.039
M8 10.00 | 450 | 17.20 | 59.7 | 0.909 | 83.2 | 30.6 | 33.6 | 1.100
M9 10.00 | 4.50 | 5.00 | 621 | 0897 | 81.4 | 543 | 60.0 | 1.105
M10 10.00 | 450 | 1212 | 578 |0.877 | 787 | 35.6 | 40.0 | 1.125

+ Calculated ultimate capacity neglecting shear stress due to eccentric loading.

i Calculated by Moe’s assumption that one-third of the column moment is transferred to
slab by vertical shear.

§ Failed in negative bending near the column.

required distance is a function of slab depth, size of openings and
other parameters. In extreme cases, a plurality of openings may
create a free edge condition.

These criteria were applied to Moe's tests on slabs with openings as
shown in Table 8-3. Slab H-1, which had no openings, was considered as
the standard, and all slabs with openings were compared relative to
this standard. As seen in Table 8-3, the use of the reduced length of the
pseudocritical perimeter accurately predicts the reduction in capacity
caused by the presence of openings. The strengths of Slab H-6 with open-
ings adjacent to all four faces of the loaded area, and Slabs H-12 and
H-13 with openings at all four corners are predicted conservatively. This
is desirable because these latter three cases are extremes that should
be avoided in practical design applications.

When relatively minor openings are present, it is safe to assume that
the shear stress is uniformly distributed over the reduced critical sec-
tion located at a distance d/2 from the column or loaded area. This ulti-
mate stress v, should then not exceed 4V f”. When large openings, a
plurality of openings, or free edges are present, however, it becomes
necessary to consider transfer of bending moment. This leads to a non-
uniform distribution of shear stress as described in Section 807.

807—Transfer of moment between columns and slabs

Only limited information is available regarding the shear strength of
slabs near columns when both axial load and moment are transferred.
Moment is transferred between column and slab by flexural moments,
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by torsional moments and by ver- p
tical shear as shown in Fig. 8-5. No M
experimental method has been

found so far of directly measuring _

their individual contributions to g
the total transferred moment. The VIS ("5
three quantities can be inter-re-
lated by mathematical analyses, tf _[7~ OM [/ J*

mens which had eccentricity of
column load as the primary vari-

able. His specimens were square U Distribution of shear
slabs having a centrally located / due to moment M
column stub. Eccentricity was va- =
ried from 0 to 24 in. on 12 and
10 in. square columns. In his anal-
ysis of the tests, Moe did not at-
tempt to separate the transfer mo-
ment into its three components. He
assumed that the vertical shear Fig. 8-5—Transfer of moment
stresses were constant across the

critical planes perpendicular to the plane of symmetry as shown in Fig.
8-5; and they were assumed to vary linearly along the other two critical
planes. Secondly, he assumed that failure occurred when the maximum
shear stress reached a value equal to the ultimate shear strength of the
same slab loaded with zero eccentricity. Based on these assumptions,
Moe worked backward from his test data and found that approximately
one-third of the total moment M was transferred by vertical shear
stresses. This finding is, of course, limited to the type and size of speci-
men used by Moe. The results of Moe’s tests and analysis are summarized
in Table 8-4.

In a study which is still in progress, Hanson®! investigated the shear
and moment transfer between slabs and columns by testing ten 3 in.
thick slabs with 6 in. square columns. The rectangular slabs were 48 in.
wide and 84 in. long, with the column centrally located. They were
tested with line loads applied to the slab 36 in. from the column center
to create various combinations of shear and moment. Five tests by
Frederick and Pollauf** which were similar to Hanson’s are summarized
together with Hanson's tests in Table 8-5. In this group of 15 tests, the
range of eccentricity of load was from zero to near infinity.

: b
but such analyses must be based . c. J/
on simplitying assumptions which
may or may not be realistic. ;____ Distribution of shear
. ~ s ‘ dP
20 reported tests of 12 speci- |  duetoloo
Moe*" reported t p ZERRT

Combined disiribution
of shear
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Calculation of ultimate shear strength for 25 tests of these three in-
vestigations at various distances x outside the column are summarized
in Table 8-6. In these calculations, which follow the general form de-
veloped for interior columns by Di Stasio and van Buren®? rather than
the methods used by Moe, the shear stresses v, and v. in Fig. 8-6 are

w852 ()

............................... (8-19)
no [ ey

>

where
A: = 20CF D)t (8-20)

is the area subject to direct shear and

2 tct 2ct® ¢ \? .
o = S+ + Y 8-21
I 12 12 2bt ( 2 ) ( )

TABLE 8-5 — TRANSFER OF AXIAL LOAD AND MOMENTS
FROM COLUMNT TO SLABE

Void%
in sl d
Specimen 1;112 r?g d iz Transferre
No. side of . psl1 Viest, | Miest,
columns kips in.-kips
Hanson slabs®
1 None 2.44 66.2 1.29 187.6
4 B§ 2.44 73.2 0.92 213.3
5 Cit 2.44 71.2 1.14 139.6
2 None 2.44 69.4 6.04 181.4
6 B 2.44 68.9 5.88 175.9
7 C 2.44 71.8 4.30 118.9
Column at
13 slab edge 2.44 67.2 2.71 87.9
8 None 2.44 67.3 1.08 215.9
9 B 2.44 69.6 1.08 210.7
10 C 2.44 71.1 1.04 150.6
Frederick and Pollauf slabs®
1 None 2.44 54.7 6.09 175.4
2 None 2.44 41.8 7.62 176.0
3 None 1.94 49.7 5.06 106.0
5 None 2.44 49.5 7.07 160.4
6 None 2.44 50.9 7.07 160.4

+ All columns 6 x 6 in.
t All slabs 3 in. thick except Specimen 3 (t = 2.5 in.).
§ Voids along sides of column parallel to axis of stress symmetry.

6 Hl\(oids along sides of column perpendicular to axis of stress symmetry; all voids were
x 1 in.
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Fig. 8-6 — Shear stress at ¢
distance x LI, -3
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Critical Section

is the polar moment of inertia of the surface described by the critical
section passing through the slab thickness as shown in Fig. 8-6.

An increase in A, and J. may be made to account for dowel action of
the steel crossing the area by multiplying the individual terms of Eq.
(8-20) and (8-21) by [1 + (n — 1) pl.

The factor K in Eq. (8-19) is a reduction factor on the total moment
transferred M, to obtain the moment transferred by torsional shear stress.

It is shown in Table 8-6 that the best correlation with the test data
was obtained when the shear stresses were calculated at a distance
x = d outside the column with full dowel action considered. The value
K = 0.487 gave the best coefficient of variation of 0.121 for the 25 tests
available. The average value of the maximum shear stress at ultimate
strength was 4V f,” psi.

To be consistent the design procedures developed earlier in this
chapter, Eq. (8-19), (8-20) and (8-21) can be written as

v KM/ ¢
. = A Y 8-22
il vl (2 ) (8-22)
where
A, = 2(c+b)d = bad ... (8-23)
and
2 dc® 2 cd? ¢ \?
Jo = 2= === bd (= )i 8-24
12 + 12 +2 ( 2 ) ( )

In Eq. (8-22) to (8-23), the critical section is taken at a distance x = d/2
from the face of the loaded area. When the perimeter of the critical
section is reduced for exterior columns or when openings are present,
Fig. 8-4, the polar moment of inertia should be computed on the basis of
the remaining section and taken about the centroidal axis of the reduced
perimeter. Furthermore, consistent with other parts of this report, no in-
crease in shear resistance due to dowel action should be made for Eq.
(8-23) and (8-24).

Using the results of the 25 tests available, the factor K was re-evaluated
for Eq. (8-22), taking into account the reduction of the perimeter of the



386 JOURNAL OF THE AMERICAN CONCRETE INSTITUTE

March 196.

TABLE 8-6 — SUMMARY OF CALCULATIONS OF ULTIMATE
SHEAR STRESS FOR 25 SPECIMENS WITH MOMENT TRANSFER

Distance
outside Dowel Best Coefficient A\llr)erage Based
column, action coefficient, of leat on
x of steel K variation Vi equation
0 Full 0.150 0.290 5.64
0 None 0.148 0.272 6.62
t/2 Full 0.331 0.143 4.32 (8-19)
t/2 None 0.312 0.182 5.04
d Full 0.487 0.121 3.99
d None 0.437 0.180 4.51
da’2 None 0.200 0.259 4.47 (8-22)

critical section for those slabs which had openings. As shown in Table 8-6,
a constant K = 0.20 gave a coefficient of variation of 0.26 and an average

value of calculated ultimate shear stress, v, = 4.47V {. psi, so that the

value v, = 4V f,” used in other parts of this report appears to be a safe
design value.

The r/d-ratio in the tests considered here was between 2.23 and 3.10.
‘Additional tests are necessary to establish the strength for other values
of*the r/d-ratio. Until further experimental data are available, these
" procedures may serve as a general guide to design.

808—Shear reinforcement in slabs

Shear reinforcement transfers shear force across a diagonal tension
crack. To accomplish this purpose, the shear reinforcement must be
securely anchored at both ends. Generally speaking, anchorage of stir-
rups or bent-up bars fall intoc two categories. First, anchorage can be
developed by transferring the force in the shear bar to other reinforce-
ment, such as by rigidly attaching stirrups to longitudinal reinforcement
or by tightly wrapping stirrups around the longitudinal reinforcement.
Secondly, anchorage can be developed by transferring the force from
the shear bar to the concrete by bond and bearing. The second category
is exemplified by standard hooks on stirrups in which bond is controlled
by embedment length and bearing is controlled by specifying minimum
bend radii. Anchorage by bond and bearing should, of course, be con-
fined to the compression zone of the concrete.

. In beams of normal size, anchorage of shear reinforcement is rarely a
serious problem. However, in slabs, it is a major problem which becomes
more acute as the thickness of the slab diminishes. Consider a slab 6 in.
thick. With normal percentages of tensile reinforcement, the depth of
the compression zone will be 1 in. or less. Since the reinforcement must
have at least a 34-in. cover, it becomes impossible to anchor the shear
reinforcement by bond within the compression zone of the slab.
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Similarly, the bending of diagonal bars or stirrups presents difficulties
in slabs. Generally speaking, the requirements for minimum radii of
bends are dependent on the bending properties of the steel. However,
minimum radii serve another purpose; i.e., limiting the direct compres-
sion or bearing on the concrete under the bend of the reinforcing bar.
The bearing stresses on the concrete under the bend will depend on the
radius of the bend and the load carried by the bar at the beginning of
the bend. In beams, bends of minimum radii are easily located well above
the neutral axis. A part of the load carried by the bar at a diagonal
crack is transferred to the concrete by means of bond over the bar length
from the diagonal crack to the beginning of the bend. Therefore, bearmg
stresses under bar bends are rarely a problem in beams.

However, two factors make bearing stresses an acute problem in slabs.
Because of space limitations it is often difficult to have bends of mini-
mum radii. Secondly, the diagonal cracks will cross the bar much closer
to the beginning of the bend so that little of the load in the bar will be
taken out by bond between the diagonal crack and the beginning of the
bend. Both factors cause increased bearing stresses on the concrete
under the bar bend.

Tests by Elstner and Hognestad'” confirmed the difficulties which can
be encountered with shear reinforcement in their slabs. Inability to
anchor shear reinforcement within the compression zone caused the
shear failure plane to pass around, rather than through, the shear
reinforcement. Likewise, bearing failures of the concrete under shear
bar bends were observed.

The test specimens of Elstrer and Hognestad had effective depths of
4.5 in. Graf® reported six tests of slabs with shear reinforcement. Graf’s
slabs had effective depths of 10.7 and 18.7 in. Data from the 14 tests are
presented in Table 8-7. The data are meager; the variables have not been
fully explored. Unfortunately, the thin slabs of Elstner and Hognestad
were limited to light shear reinforcement while the thick slabs of Graf
were limited to heavy shear reinforcement. Therefore, it is not possible to
determine the effect of poor anchorage in thin slabs since the two sources
of data are not comparable on the basis of slab thickness being the only
variable.

However, Table 8-7 does present interesting information. In all slabs
except one, shear reinforcement increased the load capacity, and in all
cases except one the ultimate load capacity was greater than either the
load capacity of the concrete alone or the load capacity of the shear
reinforcement alone. However, in no case was the ultimate load capacity
of the slab equal to the sum of the load capacities of concrete and the
shear reinforcement.

The conclusion may be drawn that the shear reinforcement was not
fully effective, although this conclusion cannot be firmly supported by
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TABLE 8-7 — SLABS WITH SHEAR REINFORCEMENT

__ v’
Slab , d | V{2 ot vt | Krfy, | test, | ¥ | Krfy
No. in. in. psi psi psi psi Vu D

Elstner-Hognestad slabs™

B- 10.00 4.50 43.9 1.040 309 229 358 1.159 0.741
B- 10.00 4.50 45.6 0.614 423 211 472 1.116 0.499
B- 10.00 4.50 49.6 0.768 419 422 584 1.394 1.007
B-10 10.00 4.50 82.0 0.832 667 422 666 .999 0.633
B-12 10.00 4.50 81.5 0.856 653 574 982 1.540 0.879
B-15 10.00 4.50 84.2 0.743 724 638 860 1.187 0.881
B-16 10.00 4.50 81.0 0.798 673 854 932 1.385 1.269
B-17 10.00 4.50 45.8 0.888 359 229 445 1.240 0.638
Graf slabs®
1355 7.90 |10.70 47.0 0.980 425 681 802 1.887 1.602
1356 7.90 |10.80 47.0 1.042 410 669 846 2.063 1.632
1376 7.80 |18.70 48.7 0.986 454 704 858 1.890 1.551
1377 7.90 |18.70 47.0 0.966 443 704 840 1.896 1.589

1361 11.80 |10.70 48.7 0.965 425 620 768 1.807 1.459
1363 11.80 |18.50 48.7 0.852 479 617 778 1.624 1.288

Moe slab with shearhead®

S8-60 | 8.00 | 450 | 57.8 | 0.980 | 454 | 222 | 573 | 1.262 | 0.489

Y = Viest/Vyter
i v« = shear stress calculated by Eq. (8-11), and neglecting the shear reinforcement.

test data. In the thin slabs there is little doubt that poor anchorage
limited the effectiveness of the shear reinforcement. In the thick slabs
the heavy shear reinforcement may have caused shear-compression
failures before the shear reinforcement was fully effective.

In view of these circumstances, it is not possible at this time to recom-
mend detailed design procedures for shear reinforcement in slabs. How-
ever, the following points can be emphasized:

1. Because of difficulties in anchorage and bending, shear rein-
forcement should not be permitted in slabs less than 10 in. thick.

2. Although shear reinforcement is beneficial, the required shear
steel area may be abnormally large to increase load capacity even
a small amount.

3. Restrictions on the use of shear reinforcement do not neces-
sarily penalize flat plate design. The proposed design procedure is in
many cases more liberal than that of the 1956 ACI Code. Further-
more, the proposed procedure permits higher shear stresses for con-
crete strengths exceeding 3000 psi. Therefore, it would seem more
safe and practical, and possibly more economical, to increase shear
capacity by using higher strength concrete rather than by using
shear reinforcement.
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809—Recommendations for design

Experimental investigations have indicated that the ultimate shear
strength of slabs is dependent on three major wvariables: concrete

strength V{.; ratio of column width to slab thickness r/d; and ratio of
shear capacity to flexural capacity ¢,. In normal design practice, the
shear capacity should be equal to or slightly greater than the flexural
capacity. Therefore, ¢, was taken as unity in the development of design
recommendations.

The variable r/d can be taken into account in two ways. First, the
ultimate shear stress v, can be expressed as a function of r/d in accord-
ance with Eq. (8-14). The ultimate shear load capacity V, can then be
computed by Eq. (8-15), in which the critical section is the periphery
around the loaded area. Secondly, the variable r/d can be taken into
account by choosing a pseudocritical section which is located a distance
d/2 from the periphery of the loaded area. The corresponding ultimate
shear stress on this pseudocritical section is independent of r/d and is

equal to 4.0V f,/ in accordance with Eq. (8-18). It has been pointed out
that the latter method seems preferable because of its simplicity, espe-
cially for irregularly shaped loaded areas, and when openings, free
edges or free corners are present in the vicinity of the loaded area.
Furthermore, the second method involves a familiar concept similar to
the method used in the 1956 ACI Building Code.

The following design recommendations are based on the previous
discussion in this chapter:

(a) The shear strength of slabs and footings near a concentrated
load or reaction is governed by the more severe of two conditions:

1. The footing or slab may act essentially as a wide beam
with a potential diagonal crack extending in a plane across
the entire width. This case shall be considered in accord with
the recommendations made in Chapters 5, 6 and 7 of this report.

2. Two-way slab action may exist, with potential diagonal
cracking along the surface of a truncated cone or pyramid
around the concentrated load or reaction. This case shall be
considered as described under Recommendations (b) through
().

(b) Although the proposed concept of shear strength, when slab
action is present, is based on the premises that the shear area is the
vertical section which follows the periphery at the edge of the
loaded area, and that the ultimate shear stress is a function of V{.
and r/d, an approximately equal shear strength can be evaluated by
assuming that the shear area is a pseudocritical vertical section
located at a distance d/2 from the periphery of the loaded area, and

that the ultimate shear stress is a function of Vf,” only.
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It is therefore recommended that shear strength shall be com-

puted by
V —_—
Yy = —2_ = 40 o
b.d Vi
where
v« = permissible ultimate shear stress

= compressive strength of 6 x 12 in. concrete cylinders
V. = the ultimate shear force on a pseudocritical section of area b,d

b, the effective periphery of the pseudocritical section at a distance
d/2 from the periphery of the loaded area, taking into account the
effect of openings, free edges or free corners in the vicinity of the
loaded area

d = th effective depth of the slab at the periphery b.

(c¢) Openings in slabs, free edges, and corners in the vicinity of
the loaded area shall be considered by reducing the periphery of
the pseudocritical section in accordance with the recommendations
of Section 806. That part of the periphery of the pseudocritical
section which is covered by radial projections of openings to the
centroid of the loaded area shall be considered ineffective, or the
shortest periphery of a critical section shall be used as outlined in
Fig. 8-4.

(d) Flexural reinforcement shall be provided along the edges of
all upenings and extend as required for anchorage in both directions
beyond the openings. However, all flexural reinforcement which
would normally pass through the loaded area in slabs without
openings, must be so rearranged that it continues to pass through
the loaded area when openings are present.

(e) If the effective depth of the slab is less than 10 in., shear
reinforcement consisting of bars, rods or wires shall not be con-
sidered effective.

(f) If the effective depth of the slab is greater than 10 in., shear
reinforcement shall be permitted to carry the excess shear as
described in Chapter 6, but the shear reinforcement shall be con-
sidered 50 percent effective.

(g) Concentration of flexural reinforcement in a slab over a
column or column capital should be encouraged in flexural design,
but the permissible ultimate shear stress shall not be increased
because of concentration of reinforcement.

(h) If moment is transferred at a slab to column connection, it
shall be assumed that, due to torsion, the vertical shear stresses are
constant across the pseudocritical sections perpendicular to the
plane of symmetry (parallel to the axis of torsion) and vary linearly
on the other two pseudocritical sections parallel to the plane of
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symmetry (perpendicular to the axis of torsion.) The vertical shear
stresses due to the total shear load shall be assumed uniformly
distributed over the entire pseudocritical area b,d. It shall further
be assumed that the law of superposition applies so that the shear
strength shall be computed by

V. KM/ ¢ s
. = ——2. = =) = 40 o

v=5q T T (2) Vi
where

M = the total joint moment on the pseudocritical peripheral section
about its centroid

. = the polar moment of inertia of th pseudocritical peripheral sec-
tion about its centroid equals dc*/6 4+ cd®/6 4+ 2bd(c/2)? for a critical
section without openings or free edges

¢ = the side of the pseudocritical section perpendicular to the axis of
torsion

b = the side of the pseudocritical section parallel to the axis of torsion

K = a reduction factor on the total moment to obtain the moment trans-
ferred by torsional shear stress, found to be 0.2 on the basis of the limited
test data available, but may approach zero or take values greater than
0.2 under other conditions.

(i) It should be noted that no design recommendations are made
by Committee 326 for lightweight aggregate concrete slabs and
footings. Throughout this chapter, reference has been made to
ordinary sand and gravel concrete only. The Committee has not
considered a series of tests of lightweight aggregate concrete slabs
carried out in 1961 at the PCA laboratories.

(j) To apply these recommendations in ultimate strength design,
suitable safety provisions must be combined with these recommen-
dations. Development of such safety provisions is considered beyond
the scope of this Committee’s mission.

810—Test data

The test data considered in this chapter on slabs and footings are
presented in condensed form in Tables 8-1 through 8-7. For more detailed
information, the reader is referred to the references listed in Section 811.
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NOTATION

The frequently used letter symbols of this report are summarized
below:

A, = area of peripheral section in slabs
A, = gross area of the uncracked section

A, = area of tensile reinforcement
A, = area of shear reinforcement
a = spacing of web reinforcement in a direction perpendicular to web rein-

forcement; also length of shear span; also side length of square footing
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width of cross section; also perimeter of critical peripheral section; also
the side of the peripheral section parallel to the axis of torsion

web width in I- and T-sections

effective perimeter of peripheral section

C;, C: = constants

the side of the peripheral section perpendicular to the axis of torsion
effective depth

modulus of elasticity of concrete

modulus of elasticity of steel

eccentricity of axial load measured from centroid of tensile reinforce-
ment

» = constants

compressive strength of 6 x 12-in. cylinders

design strength of concrete in flexural compression
compressive strength of cubes

tensile steel stress

flexural tension stress

diagonal tension strength of concrete

stress in web reinforcement

yield point of steel

total depth of section

moment of inertia

polar moment of inertia of peripheral section about its centroid
internal moment arm

(sin o cot 4 + cos o) sin « or (sin o 4+ cos o) sin ¢; also a moment reduc-
tion factor

length of beam
shear span in slabs
bending moment

4h — d
M-N_*—"— -
8

ultimate resisting moment per unit width of slab

axial load

E,/E,

total load on loaded area

ratio of tensile reinforcement — A,/bd A./b’'d for I- and T-beams
first moment of part of a cross section

A, fysina
% bd fo’
reaction

ratio of web reinforcement = A./ab; also side length of loaded area
spacing of web reinforcement along longitudinal axis of member
force in tension reinforcement

total depth of section

total shear force

shear force carried by web reinforcement
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V. = shear force carried by concrete

Vi = ultimate shear force for flexural failure

V. = ultimate shear capacity

V, = shear force at which web reinforcement yields

v = shear stress

v. = shear stress allotted to concrete; also ultimate diagonal tension strength
of beams without web reinforcement

V.n — shear stress in concrete compression zone

vs = ultimate shear stress; also ultimate shear stress in members with web
reinforcement

vy = V,/bid

a = inclination of web reinforcement to longitudinal axis of member

B =1 —(h/2d) — j

¢ = inclination of diagonal crack to longitudinal axis of member

Po — Vu/Vftez

CLOSING REMARKS BY THE CHAIRMAN

Committee 326 was formed 12 years ago and was given the assignment
of “developing methods for designing reinforced concrete members to
resist shear and diagonal tension, consistent with the new ultimate
strength design methods.”

This report consolidates thoughts, engineering judgement, and knowl-
edge gained from engineering practice as well as extensive experimental
and analytical investigations into a form believed to be useful to practic-
ing engineers. Furthermore, safe and workable new design procedures
are given. The Committee’s original mission has been accomplished.

In closing this report, the Chairman wishes to express his personal
appreciation to the Committee members for over a decade of active work.
Engineers at home and abroad beyond the Committee membership, too
numerous to be listed here, have also contributed importantly to this
report. Special recognition is due members of ACI Committee 318,
Standard Building Code and the European Concrete Committee, as
well as Prof. C. W. Thurston of Columbia University.






